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Introduction to Part II 

§0.1. Overview of the series. 

This is the second of the series of papers under the title 

"Toward resolution of singularities over a field of positive characteristic 

(the Idealistic Filtration Program)" 

Part I. Foundation; the language of the idealistic filtration 
Part II. Basic invariants associated to the idealistic filtration 

and their properties 
Part III. Transformations and modifications of the idealistic filtration 
Part IV. Algorithm in the framework of the idealistic filtration. 

For a brief summary of the entire series, including its goal and the overview of the Idealistic 
Filtration Program, we refer the reader to the introduction in Part I. 

Here we will concentrate ourselves on the outline of Part II, which is presented in the 
next section. 

§0.2. Outline of Part II. 

As described in the overview of the Idealistic Filtration Program (cf. §0.2 in Part I), we 
construct a strand of invariants, whose maximum locus determines each center of blowup 
of our algorithm for resolution of singularities. The strand of invariants consists of the 
units (cf. 0.2.3.2.2 in Part I), each of which is a triplet of numbers (cr,fl, s) associated to 
a certain idealistic filtration (cf. Chapter 2 in Part I) and a simple normal crossing divisor 
E called a boundary. (To be precise, the invariant cr is a sequence of numbers indexed 
by Z>o as described in Definition 3.2.1.1 in Part I.) The purpose of Part II is to establish 
the fundamental properties of the invariants <x and fl. They are the main constituents of 
the unit, while the remaining factor s can easily be computed as the number of (certain 
specified) components in the boundary passing through a given point, and needs no further 
mathematical discussion. Our goal is to study the intrinsic nature of these invariants asso- 
ciated to a given idealistic filtration. The discussion in Part II does not involve the analysis 
regarding the exceptional divisors created by blowups, and hence could only be directly 
applied to the situation at year of our algorithm. The systematic discussion on how some 
subtle adjustments should be made in the presence of the exceptional divisors after year 
and on how the strand of invariants functions in the algorithm, built upon the analysis in 
Part III of the modifications and transformations of an idealistic filtration, will have to wait 
for Part IV. 

In the appendix, we report a new development, unexpected at the time of writing Part 
I, which suggests a possibility of constructing an algorithm using only the D-saturation (or 
X)£-saturation) and without using the ^-saturation, still within the framework of the Ideal- 
istic Filtration Program. This would avoid the problem of termination, which we specified 
in the introduction to Part I as the only missing piece toward completing our algorithm in 
positive characteristic. (See §0.3. Current status of the Idealistic Filtration Program at 
the end of the introduction here in Part II for further developments and "evolution" of IFP 
up to date.) 
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0. INTRODUCTION TO PART II 



The following is a rough description of the content of each chapter and the appendix 
in Part II. 

Throughout the description, let R be the coordinate ring of an affine open subset of 
a nonsingular variety W of dimension d = dim W over an algebraically closed field k of 
positive characteristic char(fe) = p > or of characteristic zero char(fc) = 0, where in the 
latter case we set p = oo formally (cf. 0.2.3.2.1 and Definition 3.1.1.1 (2) in Part I). 

0.2.1. Invariant cr. Chapter 1 is devoted to the discussion of the invariant cr, which 
is defined for a D-saturated idealistic filtration I over R (cf. 2.1.2 in Part I). The subtle 
adjustment of the invariant cr, in the presence of the exceptional divisor E, which is defined 
for a X)£-saturated idealistic filtration (cf. 1.2.2. Logarithmic differential operators in Part 
I), will be postponed until Part III and Part IV. 

0.2.1.1 Leading algebra and its structure. We fix a closed point P e Spec R c W, with 
trtp denoting the maximal ideal for the local ring R P . The leading algebra L(I P ) of the 
localization I P of the idealistic filtration I at P is defined to be the graded fe-subalgebra of 
Gp = ® n ,zJG P ) n = 0„ eZao ntym- 1 (cf. 3. 1 . 1 in Part I) 

LOW = L(lp)n c G P , 

neZ> 

where 

L{l P )n = {/ = (/ mod m£ +1 ) ; (/, n) e l P ,f e m n P } . 
For e € Z>o with p e e Z>o, we define the pure part L(I P ) P ^ K of L(I P )pe by the formula 

L(W£T = L(IpV n F e ((G P h) c L(I P ) p e 

where F e is the e-th power of the Frobenius map of G P . 

The most remarkable structure of the leading algebra L(I P ) is that it is generated by its 
pure part (cf. Lemma 3.1.2.1 in Part I), i.e., 

L(fc) = fc[L(W pure ] where L(W pure = [_\ L(l P f™. 

eeZ> 

This follows from the fact that I P is X)-saturated, since so is I (cf. compatibility of D- 
saturation with localization, discussed in §2.4 in Part I). 

0.2.1.2 Definition of the invariant cr and its computation. We define the invariant <r(P) 
by the formula 

a{P) = {d-P F T{P)) e ^\\z > _ where f™(P) = dim, L(l P )^\ 

eeZ> 

which reflects the behavior of the pure part of the leading algebra L(l P ). Varying P among 
all the closed points m- Spec R (i.e., all the maximal ideals of R), we obtain the invariant 

cr : m- Spec R -> |~ [ Z> . 

eeZ>„ 

Recall that Lemma 3.1.2.1 in Part I gives the description of a specific set of generators for 
the leading algebra L(I P ) taken from its pure part. Using this lemma, we can compute the 
dimension of the pure part lpf e (P) = dim, L(l P ) p ^ re in terms of the dimension of the entire 
degree p e component l P '(P) = dim, L(l P ) p e and in terms of the dimensions of the pure parts 
lp^ e (P) for a = 0, . . . , e - 1 . That is to say, l p ^ K (P) can be computed inductively from l p e (P) 
and the dimensions of the pure parts of lower degree. 

0.2.1.3 Upper semi-continuity of the invariant cr. We observe that l P '(P) can be com- 
puted as the rank of a certain "Jacobian-like" matrix, and hence is easily seen to be 
lower semi-continuous as a function of P. The upper semi-continuity of the invariant 
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cr = (d - ^" re ) eZ then follows immediately from the inductive computation of the pure 

part /^" re described in 10. 2.1.21 The upper semi-continuity of the invariant cr as a function 
over m-Spec R also allows us to extend its domain to Spec R. That is to say, we have the 
invariant cr defined over the extended domain 

cr : Spec R -> |~[ Z> , 

eeZ>o 

which is automatically upper semi-continuous as a function over Spec R. 

0.2. 1 .4 Clarification of the meaning of the upper semi-continuity. We say by definition 
that a function / : X — > T, from a topological space X to a totally ordered set T, is upper 
semi-continuous if the set X> t — {x e X; f(x) > t] is closed for any t e T. When the 
target space T is not well-ordered, however, we have to be extra-careful as we try to see 
the equivalence of this definition to the other "well-known" conditions for the upper semi- 
continuity. The target space of the invariant cr : in- Spec R — > ncez> ^>o lS a priori not 
well-ordered. Nevertheless, using the fact that l p ^ le (P) is non-decreasing as a function of 
e e Z>o for a fixed Pern- Spec R, we observe that the target space for the invariant cr can 
be replaced by some well-ordered subset. It can be seen easily then that the upper semi- 
continuity of the invariant cr in the above sense is actually equivalent to the condition that, 
given a point P e rrt- Spec R, there exists a neighborhood Up of P such that cr(P) > <t(Q) 
for any point Q e Up. From this upper semi-continuity, interpreted in the equivalent 
condition, it follows that the domain of the invariant cr can be extended from m- Spec R to 
Spec R, as mentioned at the end of lO. 2.1.31 We summarize the basic facts surrounding the 
definition of the upper semi-continuity in Chapter 1 for the sake of clarification. 

0.2. 1 .5 Local behavior of a leading generator systenfl and its modification 

into one which is uniformly pure. Recall that a subset H = {(hi, p e ')}f=i c Ip with as- 
sociated nonnegative integers < e\ < ■ ■ ■ < is said to be a leading generator system of 
the idealistic filtration Ip, if the leading terms of its elements provide a specific set of gen- 
erators for the leading algebra UIp). More precisely, it satisfies the following conditions 
(cf. 3. 1.3 in Part I): 

(i) h, e m p '' and hi = (h, mod +1 ) e L(l P f^ for I = 1 N, 

(—p'-'i i 

(ii) {hi ; ei < e > consists of #{l ; e/ < e}-distinct elements, and forms a £-basis of 
L(I P )P" re for any e e Z> . 

Since the leading algebra L(Ip) is generated by its pure part 

L(I P f me = |J L(l P )^ K (cf. 10.2. 1.11) . 

eeZ> 

I — n e l +1 \N 

we conclude from condition (ii) that the leading terms \hi = (hi mod m' p )J of H pro- 

vide a set of generators for L(Ip), i.e.,L(Ip) = fc[|rt;| ]. 

A basic question then about the local behavior of a leading generator system is: 
Does H remain being a leading generator system of Iq for any closed point Q in a 
neighborhood Up of P (if we take U p small enough) ? 

Even though the answer is no in general, we show that we can modify a given leading 
generator system H into a new one H' such that H' is a leading generator system of Iq for 
any closed point Q in a neighborhood U p, as long as Q is on the local maximum locus 
of the invariant cr (and Q is on the support of I). The last extra condition is equivalent 



'\Ve use the abbreviation "LGS" for the word "Leading Generator System". Prof. Cossart kindly sug- 
gested to us that "LGS" could be read "Leading Giraud System" in honor of J. Giraud, whose contribution (cf. 
IGir74l , IGir751 ) is profound in search of the right notion of "a hypersurface of maximal contact" in positive 
characteristic. 
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to saying cr(Q) = cr(P) by the upper semi-continuity of the invariant cr. We say then W 
is "uniformly pure". We will use this modification as the main tool to derive the upper 
semi-continuity of the invariant Jl in Chapter 3. 

0.2.2. Power series expansion. Chapter 2 is devoted to the discussion of the power 
series expansion with respect to a leading generator system and its (weakly-)associated 
regular system of parameters. 

0.2.2.1 Similarities between a regular system of parameters and a leading generator 
system. If we have a leading generator system H = {(hi, p e ')}^ =l in characteristic zero (for 
a T)-saturated idealistic filtration Ip over Rp at a closed point P e Spec R c W), then the 
elements in the leading generator system are all concentrated at level 1, i.e., e\ — and 
p e ' = 1 for I = \,. . .,N (cf. Chapter 3 in Part I). This implies by definition of a leading 
generator system that the set of the elements H = (h\,...,hi) forms (a part of) a regular 
system of parameters (x\,. . . , xj). (Say, hi = xi for I — I, ... ,N.) In positive characteristic, 
this is no longer the case. However, we can still regard the notion of a leading generator 
system as a generalization of the notion of a regular system of parameters, and we may 
expect some similarities between the two notions. One of such expected similarities is the 
power series expansion, which we discuss next. 

0.2.2.2 Power series expansion with respect to a leading generator system. In character- 
istic zero, any element / e Rp has a power series expansion (with respect to the regular sys- 
tem of parameters X = (xi, . . . , Xd), where hi = xi for / = 1, . . .,N, with H = (hi,..., h^) 
consisting of the elements of a leading generator system as described in lO.2.2. l"b 

f= Yj ciX ' = Z aBtiB 

Ie(Z> B ) d Be(Z i0 f 

where cj e k and where a B is a power series in terms of the remainder (jqv+i> • • • > x d) of the 
regular system of parameters. 

In positive characteristic, we expect to have a power series expansion with respect to a 
leading generator system. More specifically and more generally, the setting for Chapter 2 
is given as follows. We have a subset H — {hi,..., h^} c Rp consisting of N elements, and 
nonnegative integers < e\ < ■ ■ ■ < e# attached to these elements, satisfying the following 
conditions (cf. 4.1.1 in Part I): 

(i) hi e mfp and hi — (hi mod m' p ) = vK with v/ e mp/mp for I — l,...,N, 

(ii) fv/ ; / = 1, . . . , AO c mp/mp consists of A^-distinct and ^-linearly independent 
elements in the vector space mp/mp. 

We also take a regular system of parameters (jci, . . . , xj) such that 

(asc) v; = xj = (xi mod m^,) for I — l,...,N. 

(We say that a regular system of parameters (x\, . . . , Xd) is associated to H = (hi, . . . , h^) 
if the above condition (asc) is satisfied. For the description of the condition of (xi, . . ., Xj) 
being weakly-associated to H, we refer the reader to Chapter 2.) 

Now we claim that any element f & Rp has a power series expansion of the form 

(★) /= J] a B H B where a B = ^ b B , K X K , 

Be(Z> f Ke(Z, ) d 

with b B ,K being a power series in terms of the remainder (Xff+i, . . . , xi) of the regular sys- 
tem of parameters, and with K - (k\, . . . , k c t) varying in the range satisfying the condition 

< k, < p e < - 1 for / = l,...,N and fc, = for / = N + 1, . . . ,d. 

The existence of the power series expansion of the form (★) and its uniqueness (with re- 
spect to a fixed subset fi and its chosen (weakly-)associated regular system of parameters 
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(x\,. .., Xd)) follow immediately, and are the results stated independent of the notion of an 
idealistic filtration. 

0.2.2.3 Formal coefficient lemma. In the general setting as described in 10.2.2.21 the dis- 
cussion on the power series expansion does not involve the notion of an idealistic filtration. 
The most interesting and important result regarding the power series expansion, however, is 
obtained when we introduce and require the following condition for H to satisfy, involving 
a D-saturated idealistic filtration Ip over Rp: 



(We recall that, for B = {b u ..., b N ) e (Z> ) , we denote (p ei b u p eN b N ) by [B] and 
Zjli P e 'bi by \[B]\. For the definition of the completion Ip of the idealistic filtration Ip, we 
refer the reader to §2.4 in Part I.) The statement of the formal coefficient lemma turns out 
to be quite useful and powerful. In fact, Lemma 4. 1 .4. 1 (Coefficient Lemma) in Part I can 
be obtained as a corollary to this formal version in Part II. We will see some applications of 
the formal coefficient lemma not only in Chapter 3 when we study the invariant Ji, but also 
in Part III when we analyze the modifications and transformations of an idealistic filtration 
and in Part IV when we give the description of our algorithm. 

0.2.3. Invariant Ji. Chapter 3 is devoted to the discussion of the invariant Ji, which 
is a counterpart in the new setting of the Idealistic Filtration Program to the notion of the 
"weak order" in the classical setting, whose definition involves the exceptional divisors. 
Naturally, when we carry out our algorithm, the definition of the invariant Ji in the middle of 
its process involves the exceptional divisors created by blowups. It also involves the subtle 
adjustments we have to make to the notion of a leading generator system for a £>£-saturated 
idealistic filtration in the presence of the exceptional divisor E (cf. 10.2. 11 1. However, we 
restrict the discussion of the invariant Ji in Part II to the one with no exceptional divisors 
taken into consideration, and hence to the discussion which could only be directly applied 
to the situation at year of the algorithm. The discussion with the exceptional divisors 
taken into consideration, i.e., the discussion which can then be applied to the situation 
after year of the algorithm, will be postponed until it finds an appropriate place in Part 
III or Part IV, where we will show how we should adjust the arguments in Part II in the 
presence of the exceptional divisors. 

0.2.3.1 Definition of Ji. Let I be a X>-saturated idealistic filtration over R as before. Let 
P e Spec Scffbea closed point. Take a leading generator system H for Ip, and let H be 
the set consisting of its elements. Recall that in 3.2.2 in Part I we set 




fle(Z> )' 




where 



ord w (/) = sup{« e Z> ; / e m" p + (<H)}, 
and that we define the invariant Ji(P) by the formula 

Ji(P) = n^ih). 

There are two main issues concerning the invariant Jl(P). 

Issue 1 : Is Ji(P) independent of the choice of H and hence ofHI 
Issue 2: Is Ji upper semi-continuous as a function of 
the (closed) point P e Spec RcW? 
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0.2.3.2 JI(P) is independent of the choice of C H. We settled Issue 1 affirmatively via Co- 
efficient Lemma in Part I. We would like to emphasize, on one hand, that we carried out 
the entire argument in Part I at the algebraic level of a local ring. This argument, show- 
ing that the invariant Jl(P) is determined independent of the choice of a leading generator 
system, seems to be in contrast to the argument by Wlodarczyk, where he uses some (an- 
alytic) automorphism of the completion of the local ring, showing that certain invariants 
are determined independent of the choice of a hypersurface of maximal contact via the no- 
tion of homogenization. Note that the notion of a leading generator system is a collective 
substitute for the notion of a hypersurface of maximal contact, (cf. 0.2.3.2.1 in Part I). 

We remark, on the other hand, that we can give an analytic interpretation of the in- 
variant JI(P) using the power series expansion discussed in Chapter 2. In fact, we see that 
ord^(/) = ord(</ ) where oq with O = (0, . . . , 0) e (Z>o) is the "constant term" of the 
power series expansion of the form (★). This explicit interpretation leads to an alternative 
way to settle Issue 1, though quite similar in spirit to the proof at the algebraic level, via 
the formal coefficient lemma. Note that/7(P) is rational, i.e., Ji(P) e Q, if we assume that I 
is of r.f.g. type (and hence that so is Ip). 

0.2.3.3 Upper semi-continuity of (cr,Ji). Regarding Issue 2, we have to emphasize first 
that the question asking the upper semi-continuity of the invariant Ji by itself is ill-posed, 
and its answer is no when literally taken. The precise and correct question to ask is the 
upper semi-continuity of the pair (cr,Ji) with respect to the lexicographical order. Since 
the invariant <x is upper semi-continuous, this is equivalent to asking if the invariant Ji is 
upper semi-continuous along the local maximum locus of the invariant <j. We settle Issue 
2 affirmatively in this precise form. 

The difficulty in studying the behavior of the invariant Ji(P) = //^(Ip), as we let P 
vary along the local maximum locus of the invariant cr, lies in the fact that we also have 
to change the leading generator system H and hence simultaneously. This is caused by 
the fact that our definition of a leading generator system is a priori "pointwise" in nature 
and hence that we do not know, even if H is a leading generator system for Ip at a point 
P, H stays being a leading generator system for Iq at a point Q in a neighborhood of P. 
In general, it does not. There arises the need to modify a given leading generator system 
into one which is uniformly pure as discussed in lO. 2.1.51 With the modified and uniformly 
pure leading generator system, the upper semi-continuity at issue is reduced to that of 
the multiplicity of a function in the usual setting. The upper semi-continuity can also be 
verified if we look at the power series expansion with respect to a uniformly pure leading 
generator system, and study the behavior of its coefficients. 



0.2.4. Appendix. In the appendix, we report a new development, which establishes 
the nonsingularity principle using only the D-saturation and without using the 3i-saturation. 
Recall that in Part I we established the nonsingularity principle using both the X'-saturation 
and ^-saturation (cf. 0.2.3.2.4 and Chapter 4 in Part I). This opens up a possibility of 
constructing an algorithm, still in the frame work of the Idealistic Filtration Program, using 
only the T)-saturation and without using the Jl-saturation. Note that the ^-saturation invites 
the problem of termination, which we specified in the introduction to Part I as the only 
missing piece toward completing our algorithm in positive characteristic. Therefore, we 
believe that this new development is a substantial step forward in our quest for establishing 
an algorithm for resolution of singularities in positive characteristic. 

This finishes the description of the outline of Part II. 
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§0.3. Current status of the Idealistic Filtration Program. 

It has been more than a year since we posted the original version of Part II on the 
electronic archive in August, 2007. We would like to report on the current status of the 
IFP, and make a note to Part I. 

0.3.1. Current status. Since the advent of the new nonsingularity principle as de- 
scribed in 0.2.4, we have been pursuing the scheme of constructing an algorithm using 
only the Xi-saturation (or Dg-saturation in the presence of an exceptional divisor E). In 
fact, in characteristic zero, the scheme works almost perfectly providing an algorithm for 
local uniformization, with the triplet (<r,Ji, s) being the unit to constitute the strand of in- 
variants. (In order to obtain the global resolution of singularities, one has to work a little 
bit more to fill in the gap between the maximum locus of the strand and the support of the 
modification of an idealistic filtration. The gap is an anomaly observed when Ji - 1.) In 
positive characteristic, as we do not use the ^-saturation any more, the denominators of 
the invariant Ji are well-controlled, being no obstruction to showing the termination of the 
algorithm. Recently, however, some "bad" examples surfaced; if we try to naively follow 
the analogy to the case in characteristic zero, the blowup of a "(cr,7i, s)-permissible" center 
would lead to the strict increase of the invariant Ji, violating the principle that the strand 
of invariants we construct should never increase after blowup. A few of these examples 
also indicate that the so-called monomial case needs a more careful treatment in positive 
characteristic than in characteristic zero. In order to overcome these pathologies observed 
in the "bad" examples, we introduce and insert a new invariant v, making the quadruple 
(cr,Ji,v, s) the new unit to constitute the strand of invariants. The invariant ~v is closely re- 
lated to the invariant "v" used in [CP08] and |CP07|. We are now testing if our algorithm, 
taking the '\cr,Ji,v, ^-permissible" center in a quite explicit way, will provide a solution to 
the problem of local uniformization (and global resolution) in positive characteristic. We 
want to emphasize that we consider these new developments as the events in the process 
of "evolution" of the IFP, rather than mutation, since the basic strategy of the IFP, as envi- 
sioned in Part I, remains intact throughout our project. We reported the current status of the 
evolution of the IFP at the workshop held at RIMS in December of 2008, and we refer the 
reader to [RIMS08] for the precise content of the report. More details will be published in 
our subsequent papers in the near future. 

0.3.2. Roles of <x and Jt. Despite all the changes in the evolution process of the IFP 
discussed above, the fundamental roles of the invariants cr and Ji, as the first two factors 
of the unit constituting the strand of invariants, remain unchanged. Therefore, the main 
portion of Part II, discussing these fundamental roles, remain unchanged. 

0.3.3. Note to Part I. After Part I was published from Publications of RIMS, we 
learned that the result stated as Proposition 2.3.2.4 in Part I has already appeared in [LT74]. 
The arguments both in Part I and 1LT74I are closely related to the classical results of 
Nagata |Nag57|. Due to our negligence, this fact was never mentioned in Part I, even 
though |LT74| was included in the references for Part I. 



CHAPTER 1 



Invariant cr 



The purpose of this chapter is to investigate the basic properties of the invariant cr. 

In this chapter, R represents the coordinate ring of an affine open subset Spec R of 
a nonsingular variety W of dim W = d over an algebraically closed field k of positive 
characteristic char(A;) = p or of characteristic zero char(fc) = 0, where in the latter case we 
formally set p — oo (cf. 0.2.3.2.1 and Definition 3.1.1.1 (2) in Part I). 

Let I be a X)-saturated idealistic filtration over R, and lp its localization at a closed 
point P e Spec R c W. 



§1.1. Definition and its computation. 

1.1.1. Definition of cr. First we recall the definition, given in §3.2 in Part I, of the 
invariant cr at a closed point P e Spec R c W. 

Definition 1.1.1.1. The invariant cr at P, which we denote by cr(P), is defined to be 
the following infinite sequence indexed by e e Z>o 

cr(P) = (d- rr(p\ d - rnp), i^(p\ ■ ■ ■ ) = (d - i p ; ie (p)) e£Z>o 

where 

d = dim W, (g°(P) = dim* L{I P f™. 

(We refer the reader to Chapter 3 in Part I or 10.2.1.11 in the introduction to Part II 
for the definitions of the leading algebra L(Ip) of the idealistic filtration lp, its degree p e 
component L(I P )pe, and its pure part L(I P ) p ™ e .) 

Remark 1.1.1.2. 

(1) The reason why we take the infinite sequence [d - l p ^ e (Pf) eZ instead of the infinite 
sequence (l p ^ re (P)) is two-fold: 

\ P /eeZ>o 

(i) If we consider the infinite sequence (l p ™ e (P)j ^ , it is lower semi-continuous 
as a function of P. Taking the negative of each factor (+d) of the sequence, we 
have our invariant upper semi-continuous, as we will see below. (We consider 
that the bigger (^" le (P)) ^ is, the better the singularity is. Therefore, as the 
measure of how bad the singularity is, it is also natural to define our invariant as 
its negative.) 

(ii) We reduce the problem of resolution of singularities of an abstract variety X to 
that of embedded resolution. Therefore, it would be desirable or even neces- 
sary to come up with an algorithm which would induce the "same" process of 
resolution of singularities, no matter what ambient variety W we choose for an 
embedding X =-» W (locally). 

While the infinite sequence (l p ™ e (Pf) ^ (or its negative {-l p ^ e {P)^ eZ ) is 

dependent of the choice of W, the infinite sequence (dim is not. 

Therefore, the latter is more appropriate as an invariant toward constructing such 
an algorithm. 
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(2) The dimension of the pure part is non-decreasing as a function of e e Z>o, and is 
uniformly bounded from above by d = dim W, i.e., 

< P Z(P) < P" K (P) <■■■< P^(P) < P p T{P) < ■ ■ ■ < d = dim W 

and hence stabilizes after some point, i.e., there exists e Z>o such that 

l^(P) = l^(P) for e>e M . 

Therefore, although cr(P) is an infinite sequence by definition, essentially we are only 
looking at some finite part of it. 

(3) In characteristic zero, the invariant cr(P) consists of only one term d - F^ e , while the 

remaining terms d - l p ^ TC are not defined for e > 0, as we set p = oo in characteristic zero. 
(However, we may still say cr(P) is an infinite sequence and write cr(P) e r~Lez >0 Z>o, 
for the sake of simplicity of presentation, intentionally ignoring the particular situation 
in characteristic zero.) Note that l p ™ e = l p o = dim^ UIp)i can be regarded as the number 
indicating "how many linearly independent hypersurfaces of maximal contact we can take" 
for Ip (cf. Chapter 3 in Part I). 

1.1.2. Computation of cr. The next lemma computes P^T{P) in terms of l P '(P) and 
in terms of P p 7 e (P) for a = 0, . . . , e — 1, which we can assume inductively have already been 
computed. We also see that l P '{P) can be computed as the rank of a certain "Jacobian-like" 
matrix, and hence that it is lower semi-continuous as a function of P. This immediately 
leads to the lower semi-continuity of the sequence {^ e (P)) eeZ an d hence to the upper 

semi-continuity of cr(P) = (d - l p ^ K (P)) as a function of P. We will discuss the upper 
semi-continuity of cr in detail in the next section. 

Lemma 1.1.2.1. Case : P t Supp(I). 

In this case, since we assume I is ^-saturated and since so is l P , we observe that 

Ip=R P X R. 

Accordingly, the invariant 0~{P) takes the absolute minimum O in the value set of the 
invariant cr, i.e., 

o-(P) = (o-(P)(e)) e£Z>0 = O with o-(P)(e) = Ve e Z> . 
Case : P £ Supp(I). 

In this case, fixing e e Z>o, we compute P p J e in the following manner: 

Suppose we have already computed l p p 7 e (P) for a = 0, . . . , e - 1. 

Let < e\ < ■ ■ ■ < e K < e - 1 be the integers indicating the places where P^{P) 



jumps, i.e., 



o = i p T(P) = --- = i p 7- 1 (P) 
< p p 7(p) = --- = p p Zm 



Introduce variables {Vij}f =l where the second subscript j ranges from 1 to l p ^ e (P)-Pf ( l l) (P), 



Then we compute l p p " K (P) as follows: 



i p r(P) = iAP) - o ixe V) 
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where the number Z™ xed (P) is by definition given by the formula below 
lp xed (P) 

= #{monomials of the form Y\f=\ (vf/) " '■> X...; P e I'ij = P e > P e 'bij + p e V/j}. 

Moreover, take a set of generators [s\, . . . , s r ] of the ideal I p ? of the idealistic filtration 
I at level p e , i.e., (s\, . . . , s r ) = l p e c R. Let {x\, . . . , xj) be a regular system of parameters 
at P. Then 

^(P) = rank[^(^)^7 r . 

Proof. Case : P £ Supp(I). In this case, by definition, there exists an element (/, a) e 
l P with a > such that oxd P (f) < a. There also exists an appropriate differential operator 
d of degree ord/>(/) such that d(f) = u is a unit of R P . Then we have 

(d(f), a - ord P (/)) = {u,a- ord P (/)) e l P 

and hence by condition (differential) in Definition 2.1.2.1 in Part I 

(lp)a-otd P (f) = Rp- 

This implies by condition (ii) in Definition 2.1.1.1 in Part I that 

(Ip)n(a-ord,,(/)) = Rp V« E Z >0 . 

We conclude then by condition (iii) in Definition 2.1.1.1 in Part I that 

I P = R P x R. 

From this the assertion on cr(P) easily follows, since we have L(I P ) = G P . 
Case : P e Supp(I). Let 



L(I P ) = L(h)n c G P = m" P /m F 



«gZ> «gZ> 



be the leading algebra of I P . 

By Lemma 3.1.2.1 in Part I, we can choose {e\ < ■■■ < e M ] c Z>o and V\ U • • • U Vm c 
G\ with Vi = \vjj}j satisfying the following conditions 

(i) F e '(Vi) c L(I P ) p ™ e for 1 < i < M, 

(ii) Ue,<e F e (Vi) is a fc-basis of L(I P ) p T for any e e Z> . 

Since L(l P y me generates L(I P ), we have L(I P ) = F e '(V,-)]. 
From this it follows that 

= #{monomials of the form Yl ei < e {vfj'f' > P*'&i7 = P e ) 
^pure _ #{ monom j a j s G f t }j e f orm (v?-') " ; e,- < e, p e 'bij = p e } 



and hence that 
where 

/mixed 



= #{monomials of the form Yi ei <e ( v f/) " ! Dy P'^iy = /? e > 7? e '^<y ^ ^'il- 

The assertion in "Moreover" part follows from the fact that L(l P ) p e is generated as a 
fc-vector space by the degree p e terms of the power series expansions of {sp\p=i^ T with 
respect to a regular system of parameters (x\,..., xj), i.e., 

L(l P ) p e = ( S/l mod m p p ' +l ; fi = 1, . . . , r) = (s p mod (xi, . . . , xj)' /+1 ; y8 = 1, . . . , r) 
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and that their coefficients appear as the entries of the matrix given in the statement, i.e., 
Sp = 2 dpis^X' mod (x u x d ) p ' +l . 

This completes the proof of Lemma [1.1. 2. II 

Remark 1.1.2.2. Let us consider t(P) = (/p«(P)J . Then noting l p o(P) = l p " K (P), 
we conclude by Lemma [1.1. 2. 11 (1) that cr(P) determines t(P) and vice versa. 
In particular, for P,Q e m- Spec R, we have 

<r(P) = oiQ) <=> T(P) = T(Q) 

oiP) > a(Q) <=> r(P) < r(0. 
Therefore, the upper semi-continuity of the invariant cr, which we will show in the next 
section, is equivalent to the lower semi-continuity of the invariant r. 

§1.2. Upper semi-continuity. 

1.2.1. Basic facts surrounding the definition of the upper semi-continuity. In this 
subsection, we clarify some basic facts surrounding the definition of the upper semi- 
continuity. We denote by / : X — > T a function from a topological space X to a totally- 
ordered set T. 

Definition 1.2.1.1. We say / is upper semi-continuous if the set 

X>, := {x eX; f(x) > t] 

is closed for any t e T. 

Lemma 1.2.1.2. Consider the conditions below: 

( i) For any x e X, there exists an open neighborhood U x such that 
f(x) > f(y)foranyy G U x . 

( ii) The set X >t — {x eX; f(x) > t} is closed for any t e T. 
( Hi) f is upper semi-continuous. 

Then we have the following implications: 

(0 <=> (ii) => (Hi). 

Moreover, if T is well-ordered ( in the sense that every non-empty subset has a least ele- 
ment), then conditions ( ii) and ( Hi) are equivalent. 

Proof. The proof is elementary, and left to the reader as an exercise. 

Corollary 1.2.1.3. For the invariant cr : m- Spec R — > ELez>o ^>o> where the target 
space r[eeZ>o Z>o is totally ordered with respect to the lexicographical order, conditions 
(i), (ii), (Hi) in Lemma U .2.1 .2\ are all equivalent. 

Proof. As mentioned in Remark fl . 1 . 1 .21 (2). the dimension of the pure part P™ e (P) 
is non-decreasing as a function of e e Z>o. Accordingly, cr(P)(e) = d — l p ^ le (P) is non- 
increasing as a function of e e Z>o. Therefore, instead of rieez we ma y ta ^ e trie 
subset T = {(t e )eez> G lLez> ^>o \ t ei > t ei if e\ > e 2 ) c Ueez^ %>o as the target space for 
cr. Observe that T is well-ordered (with respect to the total order induced by the one on 
rieez>o Z>o). In fact, for a non-empty subset S c T, we can construct its least element 
■Smin = (■ s min,c) (!£ z >0 inductively by the following formula: 

Smm, e = m in {i e e Z> ; s - (s,),^ e S s.t. Sj = i min , ; for i < e} . 
Now the statement of the corollary follows from Lemma [1.2. 1.21 

The following basic description of the stratification into the level sets can be seen 
easily, and its proof is left to the reader. 
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Corollary 1.2.1.4. Let f : X — > T be an upper semi-continuous function. Suppose 
that X is noetherian, and that T is well-ordered. Then f takes only finitely many values 
overX, i.e., 

{f(x);x€X} = {t 1 <---<t„}cT. 
Accordingly, we have a strictly decreasing finite sequence of closed subsets 

X = X>„ 2 • • • 2 X> tn 2 0, 

which provides the stratification ofX into the level sets 

{x€X; f(x) = U} = X>,. \X> tM for i=l,...,n. 
1.2.2. Upper semi-continuity of the invariant cr. 
Proposition 1.2.2.1. The invariant 

cr : m- Spec R -> ]~[ Z> 



-<>0 

eeZ> 



is upper semi-continuous. 



Proof. Set X = m- Spec R for notational simplicity. 

Given t = (t e ) e ez >0 6 r~Lez> ^>o an( ^ n e z >o> we denote by t<„ the truncation of t up 
to the «-th term, i.e., ?<„ = (f e )" =0 e n"=o z >o- 

We define cr<„ : X — > n"=o^>o ^y 0"<„(x) = (<r(x))<„ for lei 
We also set X(t<„) — {x e X; o~<„(x) > /<„}. Then 



X>t = (~)X(U„). 



In order to show the upper semi-continuity of cr, we have to show X>, is closed for 
any t = (t e ) e ez >0 e rLez> <^>o- The above equality implies that it suffices to show X(t<„) is 
closed for any n e Z>o. This follows if the function <x<„ is upper semi-continuous, which 
we will show by induction on n. 

The function <x< — d — P^ le is upper semi-continuous, since ^" le = l p o is lower semi- 
continuous (cf. Lemma H. 1.2. U . 

Assume we have shown cr<„_i is upper semi-continuous. We show then that the func- 
tion cr<„ satisfies condition (i) in Lemma fI .2. 1 ,2l and hence that it is upper semi-continuous. 

Suppose we are given x e X. Since cr<„-i is upper semi-continuous (and since the 
target space Yl"Zo is we H ordered), there exists an open neighborhood U x such that 
o~<„-\(x) > 0"<„_i(y) for any y e U x (cf. Lemma [1.2. 1.2b . Since the function l p » is lower 
semi-continuous (cf. Lemma fI. 1.2. Il l, by shrinking U x if necessary, we may assume that 
lpn(x) < l,Ay) for any y e U x . 

Take y 6 U x . 

If cr<„_ 1 (x) > cr< n -\(y), then we obviously have cr< n {x) > cr< n {y). 

If cr<„_ 1 (x) = cr<„_i(y), then from the definition it follows that P^{x) = l p ^ K (y) for 

a = n - 1. This implies by LemmafTX2l](l) that lp xed (x) = /™ xed (y). Therefore, 

we conclude that 



and hence that 



l P ; K (x) = l p ,.(x) - l™ ed (x) < l lf {y) - l™ ed (y) = ?; te (y), 



p;„{x)>d-e;*(y). 



Thus we have <t<„(x) > cr<„(y). 

This shows that cr<„ satisfies condition (i) in Lemma fI .2. 1 .21 and hence that it is upper 
semi-continuous, and completes the induction. 

Therefore, we conclude cr : m- Spec R — > n«ez> ^>o is upper semi-continuous. 

This completes the proof of Proposition ! 1.2.2.11 
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Corollary 1.2.2.2. We can extend the domain from m-Spec R to Spec R to have the 
invariant cr : Spec R — > FLeZx, ^>o» by defining 

cr(Q) = min [a(P) ; Pern- Spec R, P <e~q] for Q e Spec R. 

The formula is equivalent to saying that o~(Q) is equal to o~(P) with P being a gen- 
eral closed point on Q. The invariant cr with the extended domain is also upper semi- 
continuous. 

Moreover, since Spec R is noetherian and since Yleez >0 Z>o can be replaced with the 
well-ordered set T as described in the proof of Corollarv \1.2.1.3\ conditions (i) and (ii) 
in Lemma [l.2.1.2\ as well as the assertions of Corollarv \1.2.L4\ hold for the upper semi- 
continuous function cr : Spec R — > T. 

Proof. Observe that, given Q e Spec R, the formula for cr(Q) is well-defined, since 
the existence of the minimum (i.e., the least element) on the right hand side is guaranteed 
by the fact that the value set of the invariant cr is well-ordered (cf. the proof of Corollary 
11.2.1.31 ). Note that there exists a non-empty dense open subset U of Q n m- Spec R such 
that cr(Q) = o~(P) for P e U, a fact implied by condition (i) of the upper semi-continuity 
of the invariant cr. The upper semi-continuity of the invariant cr with the extended domain 
Spec R is immediate from the upper semi-continuity of the invariant cr with the original 
domain m- Spec R. 

The "Moreover" part follows immediately from the statements of Lemma 11.2.1.21 
Corollary[L2T3]and Corollary[HH! 

This completes the proof of Corollarv ll.2.2.21 

§1.3. Local behavior of a leading generator system. 

1.3.1. Definition of a leading generator system and a remark about the sub- 
scripts. We say that a subset H = {(hi, p e '))^ =l c lp with nonnegative integers < e\ < 

■ ■ ■ < e^ attached is a leading generator system (of the localization lp of the ^-saturated 
idealistic filtration I over R at a closed point Pern- Spec R), if the leading terms of its 
elements provide a specific set of generators for the leading algebra L(Ip). More precisely, 
it satisfies the following conditions (cf. Definition 3.1.3.1 in Part I): 

(i) ht e m'p and h { = (h, mod mf +1 ) s L(l P )^ e for I = 1, . . . , N, 

(ii) yif ; ei < e\ consists of # {/ ; e/ < e}-distinct elements, and forms a A:-basis of 

L(l P ) p p T for any e e Z> . 

Since the leading algebra L(I P ) is generated by its pure part L(I/>) pure = Ueez >0 L(^p) p " K 
(cf. I0.2.1.U . we conclude from condition (ii) that the leading terms of H 

[hi = (h, mod m^ 1 )}^ 

i—\N 

provide a set of generators for L(Ip), i.e.,L(Ip) = k[yiq _ ]. 

We remark that, for the subscripts of the leading generator system H, we sometimes 
use the letter "/" as above, writing H = {(hi, p e ')}f =l with nonnegative integers < e\ < 

■ ■ ■ < <?n attached, and that some other times we use the letters i and j, writing H = 

\(fiij, f'Oj^j M with nonnegative integers < e\ < ■ ■ ■ < e« attached. In the latter use of 
the subscripts, conditions (i) and (ii) are written as in 3.1.3 of Part I: 

(i) hjj e m p p and hjj = (h/j mod mj|' +I ) e L(Ip) p ™ e for any ij, 

(ii) yiif ; e, < ej consists of #{;/'; <?,- < <?)-distinct elements, and forms 

a fe-basis of L(lp) p ™ e for any e e Z>o. 

In the future, we use the subscripts in both ways, while choosing one at a time, de- 
pending upon the situation and its convenience. 
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1.3.2. A basic question. Let H be a leading generator system of Ip. If we take a 
neighborhood Up of P small enough, then H is a subset of Iq for any closed point Q e 
Up n m- Spec R. We may then ask the following question regarding the local behavior of 
the leading generator system: 

Is H a leading generator system of Iq ? 

A moment of thought reveals that the answer to this question in general is no. In fact, 
due to the upper semi-continuity of the invariant cr, by shrinking Up if necessary, we may 
assume cr(P) > cr(Q) for any closed point Q e Up n m- Spec R. If cr(P) > cr(Q), then there 
is no way that H could be a leading generator system of Iq. (Note that the invariant cr is 
completely determined by the leading generator system.) 

We refine our question to avoid the obvious calamity as above:: 

Is H a leading generator system of Iq for any closed point Q e C n m- Spec R c 
Up n m- Spec R where C = {Q e U P ; cr(P) = cr(Q)} ? 

The answer to this question, for an arbitrary leading generator system H of Ip, is still 
no. One of the conditions for H to be a leading generator system of Ip requires any element 
(hij,p ei ) e H to be pure at P, i.e., (hjj mod m p ' + ) e L(Ip)^" le . However, even when a 
closed point g e Up dm- Spec R satisfies the condition geCfim- Spec R, some element 
(hij, //') may fail to be pure at Q, i.e., {hjj mod ntg' + ) t L(Iof™ e , and hence H fails to be 
a leading generator system at Q. 

Now we refine our question further: 

Can we modify a given generator system H of Ip into H' so that H' stays being a 
leading generator system of Iq for any closed point Q e C n m- Spec R c Up n m- Spec R 
where C = {Q e U P ; cr(P) = cr(Q)} ? 

The main goal of the next subsection is to give an affirmative answer to this last ques- 
tion (adding one extra condition of the point Q being on the support Supp(I) of the idealistic 
filtration), and also to give an explicit description of how we make the modification. We say 
we modify the given leading generator system into one which is "uniformly pure" (along 
C intersected with Supp(I)). 

1.3.3. Modification of a given feading generator system into one which is uni- 
formiy pure. 

Definition 1.3.3.1. Let H be a leading generator system of the localization Ip of the 
ID-saturated idealistic filtration I over R at a closed point P e in- Spec R. We say H is uni- 
formly pure (in a neighborhood Up of P along the local maximum locus C of the invariant 
cr intersected with the support Supp(I) of the idealistic filtration) if there exists an open 
neighborhood Up of P such that the following conditions are satisfied: 

(1) H C Iq Vg € Up, 

(2) cr(P) is the maximum of the invariant cr over Up, i.e., cr{P) > cr(Q) VQ e Up 

(3) C = {Q e Up ; cr(P) = cr(Q)} is a closed subset of U P , and 

(4) H is a leading generator system of Iq for any Q e C C\ Supp(I) n nt- Spec R. 
(For the definition of the support Supp(I) of the idealistic filtration I, we refer the 

reader to Definition 2.1.1.1 in Part I.) 

Remark 1.3.3.2. We remark that in condition (4) of Definition 1 1.3. 3. II in order for H 
to be uniformly pure, we require H is a leading generator system of Iq for any closed point 
"<2 e C n Supp(I) n m- Spec (i.e., we only consider those closed points on the support 
Supp(I) of the idealistic filtration I), where in the last form of the basic question in ll.3.21 
we merely wrote "Q e C n m- Spec R". The reason to add this extra condition on Q (as 
mentioned in the last paragraph of ll .3.2b is as follows: 

Consider the case when cr(P) = O. (Recall that the symbol O = (0, ■ • • , 0, ■ • • ) repre- 
sents the absolute minimum in the value set of the invariant cr.) 

By the upper semi-continuity of the invariant cr, for a sufficiently small open neigh- 
borhood Up of P, we have cr(Q) = cr(P) = O for any closed point Q e Up n nt- Spec R 
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and hence we have C n m- Spec R — Up n m- Spec R. On the other hand, the condition 
<t(P) = O implies that, given any leading generator system H of lp, the elements {Ay} 
are generators of the maximal ideal nip with #{/y} — d. (Note that, in this case, all the 
elements of a leading generator system are concentrated at level 1, i.e., 1 = i = M and 
= e\ - e, - cm.) Therefore, H can not be a leading generator system of Ig for a closed 
point Q e Up n in- Spec if Q + P. That is to say, it would not satisfy the condition 
described in the last form of the basic question. However, in this case, we have either 
Up n Supp(I) = or Up n Supp(I) = {P} (if we take U P sufficiently small). Therefore, 
condition (4) in Definition ll.3.3.1l is automatically satisfied. 
Consider the case when cr(P) + O. 

In this case, we have C D m- Spec R — C n Supp(I) n m- Spec R, since any closed point 
Q e C n m- Spec R (i.e., we have cr(Q) = <r(P) + O is necessarily in the support Supp(I) 
of the idealistic filtration (cf. Lemma [1.1. 2. U . Therefore, there is no difference between 
the condition in the last form of the basic question and condition (4) in Definition 1 1.3. 3. II 

In other words, the extra condition for Q to be in the support Supp(I) is introduced so 
that we can avoid the "obvious" counter example to an affirmative answer to the last form 
of the basic question in the special case <r(P) = O. 

Proposition 1.3.3.3. Let H = {(/z, y -,//')} J x M be a leading generator system of the 
localization lp of the 1)-saturated idealistic filtration I over R at a closed point P e 
rrt- Spec R, with nonnegative integers < e\ < ■ ■ ■ < e« attached. Then H can be modified 
into another leading generator system W which is uniformly pure. 

More precisely, there exists IgijBj c mp, where the subscript B ranges over the set 

Mix H ,i = [B = {bap) 6 (Z>o) #H ; \[B]\ = p e \ b a/3 = if a > i, and p e °b a/3 + p e > MaB) , 

such that, setting — hjj — 2 gijBH B , the modified set W — {(Ay, p ei )} J . t M is a leading 
generator system oflp which is uniformly pure. 

Proof. It suffices to prove that there exists an affine open neighborhood Up = Spec R y 
of P, where Rf is the localization of R by an element / e R, such that the following 
conditions are satisfied: 

(1) H c If (and hence H' c 1/ where H' is described in condition (4)), 

(2) o"(P) is the maximum of the invariant cr over Up, i.e., cr{P) > cr(Q) V£> e C/p, 

(3) C = {Q e U P ; o-{P) = o-{Q)} is a closed subset of U P , and 

(4) there exists {gijB.} c Rf, where the subscript B ranges over the set Mixe,,, such 
that IgijBj c m P and that, setting h\- = hjj - 2 gijp.H B , the modified set 

is a leading generator system of Ig for any geCn Supp(I) n m- Spec R. 
Step 1 . Check conditions (1), (2) and (3). 

It is easy to choose an affine open neighborhood Up - Spec Rf of P satisfying condi- 
tion (1). By the upper semi-continuity of the invariant cr, we may also assume condition (2) 
is satisfied (cf. condition (i) in Lemma [1. 2.1.21 1. Then condition (3) automatically follows, 
since C — Up n (Spec R)>a-{P) is closed (cf. Definition ! 1.2.1. 11 1. 

We remark that in terms of the invariant t (cf. Remark [l.l.2.2t conditions (2) and (3) 
are equivalent to the following 

(2) T t{P) is the minimum of the invariant r over Up, i.e., t{P) < t(Q) € Up, and 

(3) T C = {Q€U p ;t{P) = t{Q)}. 
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Now we have only to check, by shrinking Up if necessary, that condition (4) is also satis- 
fied. 

Step 2. Preliminary analysis to check condition (4). 

First consider the idealistic filtration J = G«.(H) generated by H over Rf. Note that 
J c 1/ but that J may not be 33-saturated. In order to distinguish the invariant t for I 
(or equivalently for 1/ over Up) from the invariant t for J, we denote them by tj and tj, 
respectively. 

Since tj is lower semi-continuous, by shrinking Up if necessary, we may assume 
(2) Tj Tj(P) is the minimum of the invariant tj over Up, i.e., tj(P) < tj(Q) V<2 g Up. 
For any closed point geCn Supp(I) n m- Spec R, we compute 



We remark that the first equality is a consequence of the fact that the set {/zyp = 



that the last equality follows from the definition of the closed subset C. 
Therefore, we see that 

n(P) = tj(P) = tj(Q) = n(Q) VgeCn Supp(I) n m- Spec R. 

Step 3. Some conclusions of the equality Ti(P) — Tj(P) — Tj(Q) — T\(Q) for any 
QeCn Supp(I) n m- Spec R. 

The equality obtained at the end of Step 2 leads to a few conclusions that we list below: 

(a) The set {/i,y,Q = (hjj mod nig^ 1 )^ generates L(Ig) as a ^-algebra 



as fp"\Q) = l v p f e (P) for any Q e Cn Supp(I)nm- Spec R and e e Z> (cf. Remark[TT22). 

Applying Lemma 3.1.2.1 in Part I to L(Ig) for Q e C n Supp(I) n m-Spec R, we 
see that we can take V\,q U ••• U Vm,q c G\,q = rug/m^ with V, jG = {v^g}., where 
1 < jf < Pp^(Q) - (0, satisfying the following conditions 



n(P) = Tj(P) < T,(0 < Tl(0 = Tj(n 




(6) 





<C(0 
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(i) F e >{V u Q ) c L{l Q f™ for 1 < i < M, 

(ii) Ue,<e F e (Vi,Q) i s a ^-basis of L(Iq) p ^ k for any eel 

Since L(I e ) pure generates L(I Q ), we have L(I G ) = k[Uf =l F e '{V UQ )l 
Using this information, we also conclude the following. 



-■>o- 



(c) The hjj y Q are all pure when i = 1, i.e., hij yQ e L(I G )^" re , and we take v' { . Q e G\,q 
so that ( v\ j Q ) = h^~Q for j = 1 , . . . , 
As can be seen by induction on ; = 1, . . . , M, for each ij, 
there exists uniquely a set { c ijB,o\ B£mx c & sucri that 

K,Q - Xi: Mix c m,QH Q B is pure, i.e., /z, 7>e - 2 BeM ix H> , djB&HQ e L(I Q ) p ™ e . 
We take € Gi >e such that F e '{v' ijQ ) = h m - m ; , c ijB , Q H Q . 
Setting V-q = Q } ., we see that we can replace V\,q U • • • U V MjQ with 

y i',e u ' ' ' u y M, Q ' Le '" 

(i) F e -(V' i Q ) c L(I e )P; re for 1 < i < M, 

(ii) l_U<e F e (V' jQ ) is a fe-basis of L(I Q )p re for any e e Z> 
We also have L(I e ) = ^ e '(^ e )]- 

In fact, we prove below conclusion (c), claiming the existence and uniqueness of such 
{c,7b,q} c k as described above, showing simultaneously by induction on ; that we can 
replace Vi jQ U • • • U Vm,q with V[ Q U • • • U V jQ U V,+i,q U • • • U Vm,q in the assertions of 
Lemma 3. 1 .2. 1 in Part I, and hence ultimately with V[ Q U ■ ■ ■ UV' MQ . 

(Existence) By inductional hypothesis, we may replace Vi,gU- • -UVm,q with V[ Q U- ■ •□ 

V^j q U V,;g U • • • U Vm.q in the assertions of Lemma 3.1.2.1 in Part I. Expressing h^Q as a 
degree p e > homogeneous polynomial in terms of F e, (V[ G )U- • •Uf'-^V^ e )U,F <! '(V,' > g), we 

see that there exists {ayfi,e} BeMiXH c fc such that K,Q ~ XlBeMix;-;,, a UB,QF*(V' Q ) B e L(I Q ) p ™ e , 
where F*(Vg) = (F e "{y' aB g)). Note that, although v' aB Q has yet to be defined if a > i, since 

b aB = if a > i for B = (b aB ) e Mix H>; , the expression h im - YjB&Ai^, aijB,QF*(V' Q ) B is 
well-defined. By substituting 

Fea ( v aB,a> = haB -Q ~ X c ^b,qHq B for a < i, 

BeMix : . : .„ 



we see that there exists c, , B c such that 



BeMix Hi 

We remark that the set 

( ( W 



y-i B 

h aB,Q ~ 2_i c aBB,Q H Q 



BeMix H , a 

is linearly independent, since 



: «=l,...,i, B=l,..J™(.Q)-P™ a _i (0 



H Q B ;B = (b aB ), \[B]\ = p e >, and b a/3 = if e a > e\ 

is linearly independent (cf. conclusion (a) above), and that its cardinality YI a =\ ifp^ (2) 
-PpZi (2)) is equal to l v ^\Q). Therefore, we conclude that the above set forms a basis of 
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(Uniqueness) Suppose there exists another set |c' BO } c k such that hnn - 

2BeMix H . f c 'ijB,Q H Q B 6 ^Q^pT ■ Then 

2 c UB,qHq B - J] c'ij B ,Q H Q B = Yj { c UB,Q-c' ijB ,o)H Q B EL(I G )^ e . 

BeMix Hi SeMix;.;, BeMix Hj 

From the conclusion at the end of the argument for (Existence) it follows that there exists 

V at3 ) a =\,...,i, s=i,.../™(e)-'T , (G) c k 



such that 



^ ( c '7B,e - c 'ijB,o) H Q 



BeMix H( - 

( 

X 7aBF e ^ e " h aB , Q - ^ c oBB,qHq 

or=l,...,i, 8=\,..J™*(Q)-PT„_, (G) V BeMixj,,, 



Again since ; B = (fc aj g), |[B]| = //', and fe^ = if e ff > e,| is linearly indepen- 
dent, we conclude that y aB = Vafi and hence that 

c Ub,q ~ c 'i jB ,Q = VB e Mix Hji . 
This finishes the proof of the uniqueness. 

Now take v' ijQ e G hQ such that F e '(v' ijQ ) = h m - Xh Mix djB&HQ \ 
Setting V.q = [v^q] .> we se e that we can replace V^g U • • • U Vm,q with V[ Q U ■ ■ ■ 
\-IV.q U V,+i,q U • • • U Vm,q in the assertions of Lemma 3.1.2.1 in Part I. 
This completes the proof for conclusion (c) by induction on ;'. 

Step 4. Finishing argument to check condition (4). 
In order to check condition (4), it suffices to show that there exists 

Mb, Mix C R f 

such that 

gijB(Q) = c ijB ,Q VgeCn Supp(I) n m- Spec R. 
Fix a regular system of parameters (x\, . . . , xj) at P. By shrinking Up if necessary, we may 
assume that (x\, . . . , xj) is a regular system of parameters over Up, i.e., (x\ -X\(Q), . . . ,xj- 
x d(Q)) is a regular system of parameters at Q for any Q e UpCim- Spec R. 

Now we analyze the condition of h^Q - 2fleMix H , c ijB,QHQ being pure, i.e., 

BeMix Hi 

This happens if and only if, when we compute the power series expansions of and 
HtfeMixn; c UB,qHq with respect to the regular system of parameters (x\ - x\(Q), ■ . ■ , x d - 
x d(Q)) and when we compare the degree p e < terms, their mixed parts coincide (even though 
their pure parts may well not coincide). Since the coefficients of (the mixed parts of) the 
power series can be computed using the partial derivatives with respect to X = {x\ , . . . , Xd), 
we conclude that condition (p) is equivalent to the following linear equation 

< w > fa H 'wCZ£ [cm, Q ] B€Mixgj = [ woL^ - 

where 

Mx XJ = {I = (h,...,i d ); \I\=p e ',i,±p e > VZ= !,...,</} 



§1.3. LOCAL BEHAVIOR OF A LEADING GENERATOR SYSTEM. 



23 



and where 

r „ nBeMixu; 

\d x iH (Q)J /6Mix ~ is a matrix of size (# Mix^,;) x (#Mix H ,,) 
a jB o\ is a matrix of size (# Mixn ;) X 1 , and 

1 J '^JBeMixe,; 

[£Jx'/i(7(2)] /eM . is a matrix of size (#Mix X j) X 1. 
In particular, at the closed point P, we have the following linear equation 
\d xl H B (P)] BeMlXBi \c iiB p] =\d x ,hu(P)\ 

Since the solution [c, 7 fi,p] uniquely exists (cf. conclusion (c)), we conclude that the 

coefficient matrix of the linear equation has full rank, i.e., 

r p iBeMix---,- 

la nk[d x ,H B (P)] ieMixx = #Mix H , ! , 

Therefore, there exists a subset S c Mixj^, with #S -# Mixe,, such that the corresponding 
minor has a nonzero determinant, i.e., 

r B lBeMix---,- „ 

det[d x ,H B (P)] ies ek x . 
Then the solution [ c i7s.^] BeM can ^ e expressed as follows 

(Note that actually the matrix [ c 0's.^] BeM as we U as me matrix |3 x //i,'j(.P)]^ s is a zero 
matrix.) By shrinking Up if necessary, we may assume 

det[^^]; e ; MixHj 6( ^) x 

and hence that 

r D lBeMix---,- 

det [d x iH B (Q)\^ s e k x VgeCn Supp(I) n m- Spec R. 
Then the solution [ c i7s.g] BeM f° r (W) can ^ e expressed as follows 

It follows immediately from this that, if we define the set {gijB}Be\tix Bi by the formula 

then it satisfies the desired condition 

gijs(Q) = c U b,q VgeCn Supp(I) n m- Spec R. 

Finally, by shrinking Up if necessary so that the above argument is valid for any element 
hij taken from the given leading generator system H, we see that condition (4) is satisfied. 
This completes the proof of Proposition ! 1.3.3.31 



CHAPTER 2 



Power series expansion 

As in Chapter 1, we denote by R the coordinate ring of an affine open subset Spec R 
of a nonsingular variety W of dim W = d over an algebraically closed field k of positive 
characteristic char(fe) = p or of characteristic zero char(fe) = 0, where in the latter case we 
formally set p = oo (cf. 0.2.3.2.1 and Definition 3.1.1.1 (2) in Part I). 

We fix a closed point P e W. 

Let Ip be a X)-saturated idealistic filtration over R P = Ow,p, the local ring at the closed 
point, with trip being its maximal ideal. 

Let H = {(hi, p e ')}f =1 be a leading generator system of I P . 

In characteristic zero, the elements in the leading generator system are all concentrated 
at level 1, i.e., ei = and p e ' = 1 for I = l,...,N (cf. Chapter 3 in Part I). This implies by 
definition of a leading generator system that the set of the elements H = (hi \ I = \, . . . ,N) 
forms (a part of) a regular system of parameters (x\ , . . . , xj). (Say hi = Xi for I = 1 , . . . , N.) 
In positive characteristic, this is no longer the case. However, we can still regard the 
notion of a leading generator system as a generalization of the notion of a regular system 
of parameters, and we may expect some similar properties between the two notions. 

Now any element f e R P (or more generally any element / e R P ) can be expressed as 
a power series with respect to the regular system of parameters and hence with respect to 
the leading generator system as above in characteristic zero. That is to say, we can write 

f= Yj ciX ' = X qbHB 

Ie{Z> ) d Be(Z> ) N 

where cj e k and where a B is a power series in terms of the remainder (x N+1 , . . . , Xd) of the 
regular system of parameters. 

Chapter 2 is devoted to the study of the power series expansion with respect to the 
elements in a leading generator system (and its (weakly-)associated regular system of pa- 
rameters), one of the expected similar properties mentioned above, which is valid both in 
characteristic zero and in positive characteristic. 

§2.1. Existence and uniqueness. 

2.1.1. Setting for the power series expansion. First we describe the setting for 
Chapter 2, which is slightly more general than just dealing with a leading generator sys- 
tem. Actually, until we reach §2.2, our argument does not involve the notion of an idealistic 
filtration. 

LefH = {hi,.. .,h^} cRpbea subset consisting of N elements, andO <e\ < ■ ■ ■ < e N 
nonnegative integers attached to these elements, satisfying the following conditions (cf. 
4.1.1 in Parti): 

(i) hi e rrtp and hi — (hi mod m p ) = v with v; e mp/mp for I — 1, . . . , N, 

(ii) { vi ; / = l,...,N] c m P /mp consists of A^-distinct and fc-linearly independent 
elements in the k- vector space m P /mp. 

We also take a regular system of parameters (x\, . . . , Xd) such that 
(asc) vi = xi = (xi mod mp) for I — l,...,N. 
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We say (x\, . . ., xj) is associated to H = (hi,.. ., h^) if the above condition (asc) is satis- 
fied. 

2.1.2. Existence and uniqueness of the power series expansion. 

Lemma 2.1.2.1. Let the setting be as described in \2.1.1\ Then any element f e Rp 
has a power series expansion, with respect to H = (h\, . . . , h^) and its associated regular 
system of parameters (xi, . . . , xj), of the form 

O) / = ° bHB WhCre ° B = Zi b B,KX K , 

Be(Z>o) N Ke(Z i0 ) d 

with bs,K being a power series in terms of the remainder (x/v + i, . . . , x c i) of the regular sys- 
tem of parameters, and with K = (k\, . . . , ki) varying in the range satisfying the condition 

< h <p e ' - l for l = 1 N and k, = Ofor I = N + 1, . . . ,d. 

Moreover, the power series expansion of the form (*) is unique. 

Proof. (Existence) We construct a sequence j/ r } reZ>0 c Rp in the following manner. 
Case 1 . Construction of ft). 

In this case, choose ft = g!q,o e k such that 

(i) f-fotmp 1 , 

(ii) ft = T*i[B]\<o a B,oH B . 

Case 2 . Construction of f r+ i assuming that of f r . 

Suppose inductively that we have constructed f r satisfying the following conditions: 

(i) f ~ fr e mp r+I , 

(ii) fr = 2|[«]|<r a B , r H B where a B , r = £ b B ,K. r X K 

with bs,K,r being a polynomial in (x^+i , . . . , Xd), i.e., 
t>B.K,r = Ij\[B}\+\K\+\j\< r CB,KjX J where c b ,k,j € k and 
where J = (ji> ■ ■ • <jd) with ji = for / = 1, . . .,N, 
and K varying in the range specified above, and 
satisfying the condition \[B] \ + \K\ + \ J\ < r. 

Now express / — / r = Z c i,rX' with c/, r e k as a power series expansion in terms of 
the regular system of parameters X = (x\, . . . , xj). 
Given / = (z'i, . . . , id) with |/| = r + 1, determine 

B =(b u ...,b N ), 

K =(k u ...,k N , 0, ... , 0)e(Z>o) d , 

J =(0, OJ N+l ,...Jj)e(Z>o) d 
by the formulas below 

i, = b,p e '+k, with bi eZ> and < ki < p e ' - 1 for l=l,...,N 
ii - ji for / = N + 1 , . . . , d. 

Then it is straightforward to see, after renaming cj r as cb,k,j, that the following equality 
holds 

2 c/, r X 7 = Yu cb,kjX j X k H b mod m r P +2 . 

|/|=r+l \[B]\+\K\+\J\=r+l 

Set 

bB,K,r+\ = Hp]|+|/q+|/|<J-+l c B,K,jX J 
«B,r+l — TjbB,K,r+\X K 
fr+i = 2|[B]|<r+l a B,r+lH B 
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Then f r+ \ clearly satisfies conditions (i) and (ii). 
This finishes the inductive construction of the sequence {/ r }, eZ>0 C Rp. 

Now set 

b B , K = Hm MOO = 2 c b ,k,jX j 
a B = lim^K, a B>r = 2 b B ,KX K , 
where each of the above limits exists by condition (ii). 
Then condition (i) implies 

/ = lim/ r = lim V a B r H B = V a B H B , 

r — >oo r — >co / J / J 

lffl|<r 

proving the existence of a power series expansion of the form (★). 

(Uniqueness) In order to show the uniqueness of the power series expansion of the 
form (★), we have only to verify 

= q b hB ° f the form (*) <=> a B = VB E (Z> ) N . 

Be(Z> )« 

As the implication (<=) is obvious, we show the opposite implication (=>) in what fol- 
lows. 

Suppose = Zb £ (z> )« a B H B . 

Assume that there exists B e (Z>o) N such that a B + 0. 

Set s = min {ord (a B H B } ; a B + o}. 

Write 

a B = ^ b B ,icX K and fo B>x = ^ c b ,k,jX J with cg^y e fc, 

Ke(Z i0 )<i MZzoY 

where K = (k\, . . . , ka) varies in the range satisfying the condition 

< k, < p e > - 1 for I = 1, . . . , N and k t = for I = N + 1, . . . ,d, 
and where J — { j\ , . . . , jj) varies in the range satisfying the condition 

ji = for l=l,...,N. 

Then we have 



= 2 flB//B = ZZ Tj Cb - k - jXJX 

B B K V J 

I N 

Yj cb,k,jX j X k P| 



H B 



( N \ 



\{B]\+\K\+\J\=s 



I 



mod nip" 1 . 



On the other hand, we observe that the set of all the monomials of degree s 
{X J X K (njli x 'i ' hl )}\iB]\+\K\+\j\=s = {X'}\i\=s obviously forms a basis of the vector space 
fnj i /frt^ s+1 , and that c B ^j + for some B, K, J with \[B]\ + \K\ + \ J\ = s by the assumption 
and by the choice of s. 

This is a contradiction ! 

Therefore, we conclude that a B — VB e (Z>q) n . 

This finishes the proof of the implication (=>), and hence the proof of the uniqueness 
of the power series expansion of the form (★). 
This completes the proof of Lemma l2.1.2.1l 

Remark 2.1.2.2. (1) It follows immediately from the argument to show the ex- 

istence and uniqueness of the power series expansion / = 2 g bH b of the form 
(★) that 

ord(/) = min {ord [a B H B )\ = min {ord (a B ) + \[B]\} 



§2.2. FORMAL COEFFICIENT LEMMA. 
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and hence that 

ord(a B )>ord(/)-|[B]| Vfi e (Z> ) w 

(2) In the setting |2~ 1.1 1 we defined the notion of a regular system associated to H = 
(h\, . . . , h]if). We say that a regular system of parameters (jti, . . . , Xd) is weakly- 
associated to H = (h\, . . . , hjtf), if the following condition holds: 



det 



d A h l ) 



, ,, ;=i,...a 



e for e = e\, . . .,e^ where L e — # {/ ; e\ < e) 

i=\,...,L e 



All the assertions of Lemma 12.1.2.11 hold, even if we only require a regu- 
lar system of parameters (xi,... ,Xd) to be weakly-associated to H, instead of 
associated to H. 



§2.2. Formal coefficient lemma. 

2.2.1. Setting for the formal coefficient lemma. As we can see from the descrip- 
tion of the setting 12.1.11 our discussion on the power series expansion of the form (★) 
(cf. Lemma l2.1.2.U so far does not involve the notion of an idealistic filtration. However, 
the most interesting and important result of Chapter 2 is obtained as Lemma 12.2.2. II be- 
low, which we call the formal coefficient lemma, when we get the notion of an idealistic 
filtration involved and impose an extra condition related to it as follows: 

Let H = [h\, . . . , km} c Rp be a subset consisting of elements, andO < <?i < • • ■ < 
nonnegative integers attached to these elements, satisfying conditions (i) and (ii), as de- 
scribed in the setting |2~l.ll Let X = (jti, . . . , Xd) be a regular system of parameters associ- 
ated to H — (hi, . . . with hi = x, mod m p for I — 1, ■ ■ ■ ,N. 

Let Ip be a D-saturated idealistic filtration over Rp. 

We impose the following extra condition 

(iii) (hi,p e >) e I P for/= l,...,N. 

2.2.2. Statement of the formal coefficient lemma and its proof. Now our assertion 
is that, under the setting of l2.2.1l and given an element in the idealistic filtration, the coef- 
ficients of the power series expansion of the form (★), with "appropriate" levels attached, 
belongs to (the completion of) the idealistic filtration. We formulate this assertion as the 
following formal coefficient lemma. 

Lemma 2.2.2.1. Let the setting be as described in \2.2.1\ Let Ip be the completion of 
the idealistic filtration Ip ( cf. §2.4 in Part I). 
Take an element (f, a) € Ip. 

Let f — TjBe(z >0 )" °bH b be the power series expansion of the form (★) (cf. Lemma 
\2.1.2.1t . Then we have 

(a B ,a-\[B]\)eT P VB e (Z> f. 

Proof. We will derive a contradiction assuming 

(a B , a-\[B]\)th> for some B e (Z> ) N . 

Note that, under the assumption, there should exist B 6 (Z>o) A ' with B + O such that 
(a B ,a - \[B]\) i T P . (In fact, suppose (a B ,a - |[B]|) e Ip VB + O. JThen the equality 
</ - / - Yj B ^o bH b and the inclusions (/, a) e Ip and (a B H B ,a) e Ip Vfi + O, would 
imply (ao, a) = (aq, a - |[0]|) e Ip, which is against the assumption.) 

We introduce the following notations: 
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' l B = \[B]\ + sup [n e Z> ; a B e (l P ) a - m + m/} for B e (Z^of \ {O}, 

I = min Be(Z2o) jv >B#0 {/g} , 

r B = (h)a- m + m P Hm+l for B E (Z>o) w , 

L B = max {B + ; a B E T B + Zk<m m P H[B+m H M ) for B £ (Z> Q ) N \ {Q}, Z B = /, 

L = min Be(Z20 )jv jB#Oj ; i)= ; {L B } , 

B = max Be( 2 i0 )N tB ^o,i B =i,L B =L {B} 

[A B = r B + Z L<B+M m P HiB+M]l H M for B e (Z>_of. 

Note that Z < oo by the assumption a B $ (I P ) a -\[B]\ for some B + O. Note that the 
maximum of B + the minimum of L B , and the maximum of B are all taken with respect 
to the lexicographical order on (Z>q) n . Note that, if l B - then [B] < a. This guarantees 
the existence of the maximum of B E (Z>o) N with B + Q,l B - l,L B - L. We remark that, 
when r < 0, we understand by convention mp r represents R P . 

We claim, for B,K e (Z> Q ) N , 

(i) A B+X c A B , 

(ii) <9 m (A B ) c A. b+ k- 

(We remark that we identify [K], for = (ifci , . . . , £ (Z> ) N , with (p ei k u ..., 
P Cn 1cn, 0, . . . , 0) £ (Z>o) rf , and hence that we understand d[K] denotes dxm = d „«u, „'N kN 

in claim (ii).) 

In fact, since (H K , \[K]\) e f P and since H K £ mj> m , we see 



H k A b+ k - H K 



H K 



L<B+K+M ) 

W)a-\[B+K]\ +m P + 2_j m P H 

L<B+K+M I 



W)a-\[B]\ +m P m P H 

L<B+M 

(by replacing old M + K with new M) 



checking claim (i). 
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In order to see claim (ii), observe 



d[K] ((lp) a -\[B]\) c (lp) a -\[B+K]\, since I P is D-saturated, 

-l-\[B+K]\+l 



d [K] (m P Hm+1 ) c m P '- ,lD ^\ and 



n /- — -l-\[B+M]\\ - — - 

d[K]-i {m P ) c m P 



i-\[b+k+m]\+\i\ 



for/ with /< [#], 



. d,(// M ) C (M)//**-' + m? IMH/|+1 , and 

( l f) = unless / = [J] for some 7 6 (Z> ) N . 

Using these observations, we compute 



d[K] (A B ) = <9 m 



V L<B+M 



= 3 



{lp)a-\[B]\ +Hp + 



z 



L<B+M 

= <9 m ((Ip) a -|[B]|) + 5 m (m^ H[B]l+1 ) 

L<B+M [l<[K] 

(by the generalized product rule (cf . Lemma 1 .2. 1 .2 (3) in Part I)) 

= 5 m ((W flHM ) + a ffl (ifT P H[£|l+l ) + J] 

L<B+M 

/=[/],/<[«] w[/i,/<m 



r- ("f^ _i_ —/-ItB+fll+l , 



z z 



— /-|[B+M+iC-/]|^M-/ 



2 



L<B+M U=IJ],J<K,J<M 

^1-\IB+K+M-J]\ H M-J 



L<B+M+(K-J)=B+K+(M-J),J<K,J<M 
~-~l-\[B+K+M]\ rjM 



C 1 B+K + 2_i p a — A B+K 



(by replacing old M - J with new M), 



checking claim (ii). 

Now by definition, for each B e (Z>o) N with B + 0,l B = l,L B = L, we can choose 
b B e ir^ H[L]l such that a B - b B H L - B e A B . For each B e (Z> ) N with B + O but l B + I or 
Lb L, we set b B -Q and have - b B H L ~ B e A#. 

Therefore, we have, for each B e (Z^ with B £ O, 

a B - b B H L - B e A B 

and hence by claim (i) (with B,K e (Z>o) N there being equal to O, B below, respectively) 



(a B - b B H LB )H B € Aq. 
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Now we compute (with the symbol "=" denoting the equality modulo A Bo ): 



= d 



[B„] 



\Bi=0 



d [B J = d[B o] [J] a sH B ) = d [Bo] J] a sH l 

\Bi=0 

(since ^ a B H B - ^ b B H L e Aq and by claim (ii)) 

Bi=0 Bi=0 

= £ d [B<l] {b B H^H B ) 



B±0,l B =l,L B =L 



2 £ ^(M/^KwK) 

B*Q,l B =l,L B =L U<[B„] 

(by the generalized product rule) 



Z 

Kh=l,L B =L 



L/<[B„],/=[X] 

(refer to the last observation used to see claim (ii)) 
£ b B H^d [Bo] { H B ) 

B±0,l B =l,L B =L 

(since for K * O we have d [K] (b B H L - B ) = d m (- [a B - b B H L - B )) e A B+K 
and hence d [K] (b B H L - B )d [Br) - K] (h b ) e A B+K d [Bo - K] (h b ) c A b J 



z 



B±0,l B =l,L B =L 
tL~B„ 



B, 



b B H 



L-B„ 



b B H L 



(by the maximality of B a ). 



Note that the inclusion A B+K d[ Bo - K ] [H B ) c A b<j used above is verified as follows: 



^B+Kd[ B{1 -K] (h B ) 
i 

^B+K + 



'[B„-K] 



K) 



w)a-|[B+A:]| + Tttp 



+i + 2 m? H[B+ * +M]l # M 



(«») 



c (Ip) fl -|[B„]| + m P 
+ 



l-\[B ]\+\ 



(since e (fc)lMHB.-*]| and since d^.jq £ m P mH[B "- K]l ) 

(refer also to the last observation used to see claim (ii)) 

l-\[B ]\+l 



C (Ip)a-\[B„]\ + m P 

♦ z 

L<B„+(M+B+K-B„) 



-~~1-\{B +(M+B+K-B„)}\ jjM+B+K-B 
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c wo-iw + m p + 2-i p 

L<B„+M 

= r B „ + £ m?'- | [^i^ = A£o 

L<fl„+M 

However, since <3[b„]/ £ (Ip)a-|[,s D ]| c A Bo , we conclude 

t>B,H L ~ B " e A Bf) and hence a Bo £ A Bo , 

which contradicts the choice of B G with Lg o = L. 
This finishes the proof of Lemma l2.2.2.1l 

We would like to remark that the same idea of the proof by contradiction above actu- 
ally leads to an explicit construction of the coefficients through differential operators and 
taking limits. We present such a construction, which is of interest on its own and which 
is slightly different from the direct translation of the proof by contradiction above, as an 
alternative proof. This alternative proof leads to an improved version of the formal coef- 
ficient lemma, which we will state and use in the subsequent papers to show that the new 
invariant v we introduce (cf. 10.3.11 ) is well-defined. 

Alternative Proof. Step 1. We show the statement when B — 0, i.e., we show 
(ao, a - |[0]|) = (act, a) e l P . 

Let g = 2se(z >0 ) w a B,gH B be the power series expansion of the form (★) for g e Rp. 
Note that we add the subscript " g " to the notation for the coefficients ciB, g , to emphasize 
their dependence on g and in particular to distinguish them from the coefficients as = cibj 
for/. 

Observe first (cf. Remark l2~IT2l (l)) that, for any B e (Z> ) N , we have 

ord(a B , g H B ) > ord(g) and hence ord(a B ^) > ord(g) - \[B]\. 

Given g 6 Rp, we define the invariant rj(g) by the formula 

i](g) := (ord(g),min{B; ord{a B , g H B ) = ord(s)}) e Z> x (Z> Q f, 

where the minimum in the second factor is taken with respect to the lexicographical order 
on (Z>q) n . The values of the invariant rj are ordered according to the lexicographical order 
given to Z> x (Z> ) N . 

We will construct a sequence {gn} n ez >0 c Rp inductively, satisfying the following con- 
ditions: 

(0) „ g„€(<H), 

(1) „ (a + g n ,a) e l P , 

(2) „ T](gn-\) < T](g„). 

The construction of such a sequence is sufficient to prove (ao, a) € Ip. 
In fact, since there are only finitely many B's with oid(H B ) < v for a fixed v 6 Z>o, 
and since 

[B ; ovd(H B ) < v} D [B ; ord(a B , g H B ) = ord(g)} 
for any g E Rp with ord(g) = v, we conclude by condition (2)„ that 
lim ord(g„) = oo and hence lim g n = 0. 

n— >oo n— >oo 

This implies by condition (1)„ that 

(ao,a) = (lim(a + g„),a) = lim(a + gn,a) e Ip, 

n — »oo n—*oo 

since (lp) a = (lp) a is complete. 
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Case 1 . Construction of go. 
Set 

8o = f- ao- 

Then we check 

(0) o go = / - ao = Z^g a B H B e W\ 

(1) o (ao + 8o, a) = (f,a) e I P , 

(2) o the condition (2)„ is void when n = 0. 

Case 2 . Construction ofg„ assuming that of g„-i- 

We look at the power series expansion of the form (★) 

8n-\ = J] aB ^ HB - 

Be(Z>„)« 

Set 

v = ord(g„_i) 

B = min [b ; ord(fl B>fti _ 1 // B ) = v} 

B„ = (b„i,b 2, ■ ■ - ,b N) 

d [Bo ] = d xlBo] = d (j f foX {jf n fol )boN . 

Note that B a + O, which follows from condition (0)„_i. 
We set 

g n = (l-H B 'd [Bel )g n - 1 . 
We check conditions (0)„, (1)„ and (2)„ in the following. 

Condition (0)„ 

We compute 

8n 

where 



Therefore, we conclude 

checking condition (0)„ 
Condition (1)„ 

By inductional hypothesis, condition (l)„_i holds, i.e., we have the first inclusion 

(a + gn-ua) e h- 

Since I/> is D-saturated, so is Ip (cf. compatibility of completion with ^-saturation, Propo- 
sition 2.4.2.1 (2) in Part I). Therefore, the first inclusion implies the second inclusion 

(d[ B „](ao + 8n-\),a - |[B ]|) e l P . 
The second inclusion combined with the third inclusion below 

(H B °,\[B ]\) e T P 

implies the fourth inclusion 

(H B °d [Bo] (a + g„-i),a) ef P . 



= (l - H B 'd [Bel )gn-l = gn-1 ~ H B "d lB , >]gn ^, 

g n -\ e (fi) by condition (0)„_i, and 
H B °d [Bo] gn-\ e CH) since fi * O. 
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Therefore, we conclude 

(a + g„,a) = (flo + (l ~ H B °d[ Bo \)gn-\,a) 

= ((l - H B "d [Bo ])(a +g n -\),a) (since H B °d [Bo] a = as B + 0) 

= ((ao + - H B °d[ Bo ](a + g„-i), a) e I/» 

(by condition (l)„_i and by the fourth inclusion above). 

That is to say, we have 

(ao + £«> a) e Ip, 

checking condition (1)„. 



Condition (2)„ 



Observe that, for any B e (Z> () ) N with ord(ap Ai _,// B ) = v, we have 

(l - H B °d lBti] ) (as^H 8 ) = a B ^H B - H B ° ((^Jap,^ + s fl ) 



= 1 



where s B and rp are elements in R P with ord(sp) > v - |[B ]| and ord(rp) > v, respectively. 
Therefore, we compute 

g n = (l-H B "d [Bll] )g n ^ = (l -H^d^Q^aB^H 8 ) 



= {l-H B °d [Bt>] ) 

- z 

P;ord(a B , Sn _ 1 H«)=y 

I 

P ; ord(a B , J , n , // s )=v, P>P„ 



2 aB , gn _ l H B + z flu*.,^ 

P ; ord(a S-& j tf«)=v P ; ord(a«, Sn H B )>v 

B 



a B , g „^H B + r 



a B , g ,^H B + r 



where r is an element in R P with ord(r) > v. 

From this computation it immediately follows that 

ord(g„) > v = ord(g„_i) 

and that, if ord(g„) = v = ord(g„_i), then 

the 2nd factor in J](g„) = min {fi ; ox&{a B ^ gn H B ) = v 
> B 

= the 2nd factor in rj{g n -\). 

Thus we conclude 

Vign-l) < l](gn), 

checking condition (2)„. 

This completes the inductive construction of the sequence {gn} ne z >0 c Rp satisfying 
conditions (0)„, (1)„ and (2)„. 

This completes the argument in Step 1, showing (ao, a) e I P . 

Step 2. We show the statement in the general case, i.e., we show (a B ,a- \[B]\) £ I P 
for any B e (Z> Q ) N . 
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We will construct a sequence {g„}„ eZ>0 c R P inductively, satisfying the following con- 
ditions: 

(0) „ (g n ,a)eh, 

(1) „ {a BJ - gn ,a - |[B]|) e I, for any B e (Z> ) w , 

(2) „ T](g n ^) < T)(g n ). 

The construction of such a sequence is sufficient to prove the statement 
(a B , a-\[B]\)eh> for any B e (Z^)*. 

In fact, since there are only finitely many B's with ord(// B ) < v for a fixed v e Z>o, 
and since 

[B ; ord(H B ) < v} d [b ; ord(a B>g # B ) = ord(g)} 
for any g eR P with ord(g) = v, we conclude by condition (2)„ that 
lim ord(g„) = oo and hence lim g„ = 0. 

This implies by condition (1)„ that, for any B e (Z>o) N , 

(a B ,a- \[B]\) = {a BJ ,a- |[B]|) = (]im(a BJ . gn ),a - \[B]\) = \im{a BJ . gn ,a) e l P , 

n—>oo n^oo 

since (I P ) a = (I P ) a is complete. 
Case 1 . Construction of go. 

Set 

go = f- 

Then we check 

(0) o (go,a) = (f,d)€l P Gl P , 

(1) o («B,/-g .«- M = (0,fl- \[B]\) e Ip for any B 6 (Z> ) N , 

(2) o the condition (2)„ is void when n = 0. 
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Case 2 . Construction of g n assuming that of g n -\- 

We look at the power series expansion of the form (★) 

8n-i = ^ as^H 8 . 

Be(Z>a) N 

Set 

v = ord(g„_i) 

B Q = min \b ; oxd(a B ,g n _ x H B ) = v} 

B = (b ol ,b o2 , ...,b oN ) 

d {Bo ] = d xlBo] = d (x ,n )bol )bo2 < ^ N foN . 

We set 

gn = (l - H B "aO,*d[B„])gn-\ = gn-1 ~ a O,d[ Bc ,]gn-i H B ", 

where ao,* denotes the operator such that ao^g = a<o, g for any g e R P . 
We check conditions (0)„, (1)„ and (2)„ in the following. 

Condition (0)„ 

By inductional hypothesis, condition (0)„_i holds, 
i.e., we have the first inclusion 

ig„-\,a) 6 l P . 

Since l P is D-saturated, so is I P (cf. compatibility of completion with D-saturation, Propo- 
sition 2.4.2.1 (2) in Part I). Therefore, the first inclusion implies the second inclusion 

(d [Bo] g n -ua-\[B ]\)er p . 

By Step 1 the second inclusion implies the third 

(tfO,<9 [J ,„ 1 g„_i,0- \[Bo]\) 6 l P . 

The third inclusion combined with the fourth inclusion below 

(H B °,\[B ]\) € T P 

implies the fifth inclusion 

(ao,d [Bt , ]gn ^H B ",a) e I P . 

Therefore, we conclude 

(gn,a) = (g„-i - a 0ABMn _ x H B ",a) e l P , 

checking condition (0)„. 
Condition (1)„ 
When B + B a , we have 

Therefore, by condition (l)„_i, we conclude 

(a B ,f- gn ,a - \[B]\) = (fi B j- g ^,a - \[B]\) e l P . 
When B = B a , we have 

a B<„f- g „ = aB,„f- gn _ x -a 03[BoVn _ l H'>o =a Bo j-g n _ x - «o,a [BoJ g„_i • 
Therefore, by condition (l)„-i and Step 1, we conclude 

(a Bo ,f- gn ,a- \[B a ]\) = (a Bo j-g n _, - a Q , &{BiAgn _ x ,a- |[B]|) e \ P . 
This checks condition (1)„. 
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Condition (2)„ 



Observe that, for any B e (Z>o) N with ord(fl£ ifti = v, we have 

(l - H b °cio,Ab ]) {a B , gn ^H B ) = a B , g „_,H B - //'V . || * W^ff*-*' + j fl J 

= (1 -dsB^aB^H 8 + r' B 

where sb and are elements in Rp with ordOsg) > v - \[B ]\ and ord(r^) > v, respectively, 
and where <5b# o denotes the Kronecker delta. 
Therefore, we compute 

g n = (l - H B °ao,*d { B })gn-\ = (l - // Bo ao,,5 [B( ,])(^flB jft ,_ 1 // B ) 

= (l - //%o,*<9 [Bo] ) J] a^„-,^ B + J] "B. g „-,^ 

; ord(a s . Sii _ H B )=v B ; ord(as, s j H B )>v 

J] (1 — &BB„) a B,g„-iH B + r' — Yj "b^H" + / 

S ; ord(a B , g(l l H B )=v S ; ord(a s ,„ n H B )=v, B>B„ 

where r' is an element in Rp with ord(r') > v. 

From this computation it immediately follows that 

ord(g„) > v = ord(g„_!) 

and that, if ord(g„) = v = ord(g„_i), then 

the 2nd factor in r/(g„) - min 
> B 

= the 2nd factor in 7i(g„-i). 

Thus we conclude 

n(g n -i) < n(gn), 

checking condition (2)„. 

This completes the inductive construction of the sequence {g n } n ez >0 c Rp satisfying 
conditions (0)„, (1)„ and (2)„. 

This completes the argument in Step 2, showing (as, a - \[B]\) e Ip. 

This completes the alternative proof of Lemma 12.2.2. II 

Remark 2.2.2.2. (1) The basic strategy of the above proof can be seen in a more 
transparent way, if we consider the following special case: Suppose that we can 
take the associated regular system of parameters (x\, . . . , Xj) in such a way that 
hi = xi for I = 1 , . . . , N. 

Given (J, a) e Ip, with / = Y*b q bH b being the power series expansion of 
the form (★), we proceed as follows. 
Step 1 . We compute 

\\ (l-H B d HB )f = a - ^ c B H B 

0<P]l<£J P]|>a 

for some cb e Rp. (Note that, since the operators (l - H b 8 h b} do not com- 
mute, the product symbol r[o<|[B]|<a i s understood to align the factors from 
right to left according to the lexicographical order among (|[B]|, B)'s.) 
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Since Ip is ^-saturated, we see (]~[o<|[B]|<fl U _ H B d H i>]f, a) e Ip, while we 
have obviously (H|[B]|>a cbH b , a) e I P . Therefore, we conclude 

(ao, a) G Ip. 

Step 2. For B € (Z^o)^, set g = d H n f. Let g = £/j ap,gH^ be the power series 
expansion of the form (★). Observe ao,g = a B- Since I/> is D-saturated, we 
see (g, a - |[B]|) e By the previous step, we conclude 

(a B ,a-\[B]\) = (a , g ,a-\[B]\)€Tp. 

In the general case, since the set 'H does not coincide with a part of the as- 
sociated regular system of parameters, we can not follow the steps of the special 
case above literally. However, by substituting d x m for d H n and by filling the gap 
of the substitution through the process of taking the limits, we can try to follow 
the steps of the special case in spirit. That is the basic strategy of the above proof. 
(2) In Chapter 3, we derive Lemma 4.1.4.1 (Coefficient Lemma) in Part I as a corol- 
lary to the formal coefficient lemma above. 



CHAPTER 3 



Invariant ji 



The purpose of this chapter is to study the basic properties of the invariant Jt, As 
the unit for the strand of invariants in our algorithm is a triplet of numbers (<r,p, s) (or a 
quadruplet {cr,~p,~v, s) (cf. 10.3. IV ). we also study the behavior of the pair (cr,~p) endowed 
with the lexicographical order. The discussion of the invariant p in this chapter is restricted 
to and concentrated on the case where there are no exceptional divisors involved, and hence 
can only be applied directly to the process at year of our algorithm. We will postpone the 
general discussion, involving the exceptional divisors and hence applicable to the process 
after year of our algorithm, to Part III or Part IV (cf. 10.2.31 ). 

The setting for this chapter is identical to that of Chapter 1 . 

Namely, R represents the coordinate ring of an affine open subset Spec R of a nonsin- 
gular variety W of dim W — d over an algebraically closed field k of positive characteristic 
char(£) = p or of characteristic zero char(A;) = 0, where in the latter case we formally set 
p = oo (cf. 0.2.3.2.1 and Definition 3.1.1.1 (2) in Part I). 

Let I be an idealistic filtration over R. We assume that I is X>-saturated. We remark 
that then, by compatibility of localization with ^-saturation (cf. Proposition 2.4.2.1 (2) in 
Part I), the localization Ip is also 35-saturated for any closed point P e Spec R. 

§3.1. Definition of JL 

3.1.1. Definition of p as pn- We fix a closed point P e Spec R c W. Take a leading 
generator system H = {(hi, p e ')} l=l N with associated nonnegative integers < e\ <■■■ < 
ejv for the 35-saturated idealistic filtration Ip. Let H = {hi)i =l ^ N be the set of its elements 
in Rp, and ("K) c Rp the ideal generated by < H. 

Definition 3.1.1.1. First we recall a few definitions given in §3.2 in Part I. For f € Rp 
(or more generally for / e Rp), we define its multiplicity (or order) modulo ("H), denoted 
by ord^/(/), to be 



(We remark that p^(lp) is defined in a similar manner.) 

Finally the invariant p at P, which we denote by p{P), is defined by the formula 



In order to justify the definition, we should show that p^(Ip) is independent of the 
choice of H, i.e., independent of the choice of a leading generator system H for Ip. We 
will show this independence in the next subsection. 

Remark 3.1.1.2. (1) The usual order is multiplicative, i.e., we have an equality 




Note that we set ord^(O) = oo by definition. We also define 




p(P) = (*h(I p ). 



ordifg) = ord(/) + ord(g) V/,g e R P . 
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The order modulo is also multiplicative if e\ = ■ ■ ■ = e# = 0. However, in general, 
we can only expect that the order modulo is only weakly multiplicative, i.e., we have 
only an inequality 

ord(/,g) > ord(/) + ord(g) V/, g e R P . 

In fact, if ei > for some I — l,...,N, then it is easy to see (cf. Remark [3. 2. 1.21 (1)) that 
we indeed have a strict inequality for some /, g e Rp, i.e., 

ord(/g) > ord(/) + ord(g) for some f,g e Rp. 

(2) Assume further that the idealistic filtration I is of r.f.g. type (cf. Definition 2.1.1.1 
(4) and §2.3 in Part I). Then the invariant// takes the rational values with some bounded 
denominator 5 (independent of P). 

In fact, take a finite set of generators T for I = Gr(T) of the form 

T = {(/a, fl-OheA c Rx Q>o,#A < oo with a\- — where p,\,q\ e Z>o. 

Set 5 = Ua^aPa- 
Then 

m = Wffp) ^ inf ( w (/,a) = ° r(W) ; (f, a) e l P ,a > 

. / . ord w (/i) ord w (/,i)-^ 

= nun {unifx, atf = = 

{ a A px 

(cf. Lemma 2.2.1.2 (1) in Part I and Remark D. 1.1. 21 (1) above) 

e iz >0 U {oo}. 
o 



3.1.2. Invariant p^ is independent of "K. We show that fx?{(Ip) is independent of 
the choice of ( H. 

Proposition 3. 1 .2. 1 . Let the setting be as described in 13.7.71 

Then p^(Ip) is independent of the choice ofH, i.e., independent of the choice of a 
leading generator system H/or lp. 

Proof. Suppose 

///>(!) = inf <p P (f,a) = — — ; (f,a) e I P ,a > 0\ < 1. 

Then, since I/> is D-saturated, we have lp = R P xR (cf. Lemma 1.1.2.1 Case : Supp(I)). 
We conclude that the set of elements "H in any leading generator system H for lp is a regular 
system of parameters [x\, . . . , xj) for Rp, where d - dim W. Accordingly, we have 

M*0W = 0, 

independent of the choice of r H. 

Therefore, in the following, we may assume 1 < pp(T) and hence that 1 < pp(T) < 
HkQ-p) f° r an Y choice of t H. 

Case 1 . p^(Ip) — 1 for any choice ofH. 

In this case, p-nilp) — 1 is obviously independent of the choice of H by the case 
assumption. 

Case 2 . p^(Ip) > 1 for some choice of *H. 
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In this case, fixing the set of elements H of a leading generator system H for l P with 
H<h(J-p) > 1, we show 

(*) nwilp) > I*h<Xp) (> 1) 
where ( H' is the set of elements of another leading generator system H' for Ip. 

This is actually sufficient to show the required independence, since by switching the 
roles of H and W , we conclude h<h(Ip) > nn'^J-p) an d hence /i-h(Ip) = fi<n>(Ip). 

First we make the following two easy observations: 

(1) Let < H" = \h''\ be another set of elements in R P obtained from f H' by a 
linear transformation, i.e., for each e £ Z>o we have 

\ti{ p ' ; ei < ej = Yh' p ' ; e/ < ej g e for some g e e GL (# {e; ; e/ < e) , k) . 

Then < H" is the set of elements of a leading generator system H" = {(h", P e ')} [ _ l 
for Ip, and we have 

Hw{lp) =(i<H»(Ip). 

Going back to our situation, we see that there is <H" ', obtained from e H' by a 
linear transformation, such that < H" and H share the same leading terms. 

Therefore, in order to show the inequality (*), by replacing <H' with < H" we 
may assume that <H and <H' share the same leading terms, i.e., 

hi = h) mod +1 for l=l,...,N. 

(2) Assume that *H and <H' share the same leading terms. Then we have a sequence 
of the sets of elements of leading generator systems for Ip 

where the adjacent sets share all but one elements in common. We have only to 
show 

/^OW OW for l=l,...,N 

in order to verify the inequality (*). 

According to the observations above, therefore, we have only to show the inequality 
(*) under the following extra assumptions: 

(1) fi and < H' share the same leading terms, i.e., 

hi = h\ mod rrtp' +1 for I = l,...,N. 

(2) fi and "H' share all but one element in common, i.e., 

hi = h\ for l=l,...,N except I = l a . 

In order to ease the notation, we set 

h = h ,h' = h' lo ,Q = W \ {hij = <H' \ %). 

Let y be any positive number such that 1 < v < fj.^(I P ). 

Since (h,p e '»), (h',p ei <>) e Ip, we have (h - h' ,p e '«) € Ip. Therefore, by definition of 
/i«(Ip) and by the inequality 1 < v < ^(Ip), we have 

h-h' e m l ; p ''" 1 + CH) i.e., h-ti = /i +/ 2 with f x e m [ p vp ''"\f 2 e (<H). 

On the other hand, by extra assumption (1), we have 

h-h em p 

Observing {vp e '<>~\ > p e, ° + 1 (recall v > 1), we thus conclude that 

/2 = (/*-/*')- /ie OH) nmf' +1 
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and hence that 

h-h'=f 1 +f 2 e m£ p%1 + CW)nrrtf 0+1 

c m [ ; p ''°Uhm P + (g)nm P r" + \ 

where the second inclusion follows from Lemma 4.1.2.3 in Part I. 
That is to say, we have 

h-h' = gi +hr + g 2 with gi e trtp P '°\ r e m P ,g 2 e (@) n m p p '° + \ 
Therefore, we have 

(1 - r )h = g\ + h' +g 2 . 
Since u — 1 - r is a unit in R P , we conclude 

h = u^gi + u x h' + u x g 2 e m^ %1 + CH'). 
Given an element (/, a) elp (a> 0), we hence have 

/ e ^JM'„-\ [B ]\ hB ( b y Coefficient Lemma in Part I, where (l P )' t = (I P ), n m^" 1 ) 

B 

Z (H-, [W . ////C c Y J a P y a _ bp% h» + (m 

b=b la ,C=(b x ,...,*;„_] ,0,i; o+ , ,...,£>#) 6 

c Z^w< vp%1 + (<K,) (since h 6 m ^"" 1 + 

b 

Therefore, we compute 

ard*» (/) > min {ord P {(l P )' a _ bp e la mf p "° ] )} 

> min { f v(a - bp e '" )1 + b \ vp e '° 1 } > va . 

b 



This implies 



ord^(/) 
/4H' (/,<*) = ^ V. 



Since this inequality holds for any positive number with 1 < v < fi^(I P ), we conclude 

fJL<H'{f,a) >A*wOW- 
Since (f, a) elp (a> 0) is arbitrary, we finally conclude 

/i«'(lp)>ju«(lp). 

This completes the proof of the inequality (*), and hence the proof of Proposition 
13.1.2.11 

§3.2. Interpretation of Jt in terms of the power series expansion. 

The purpose of this section is to give an interpretation of the invariant// = p.^ in terms 
of the power series expansion of the form (★) discussed in Chapter 2. 
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3.2.1. The order ord w (/) of / modulo (W) is equal to the order ord(a ) of the 
constant term of the power series expansion for /. 

Lemma 3.2.1.1, Let the setting be as described in \3.1.1\ 
Then we have 

ord H (/) = ord(a ), 

where oq is the "constant" term of the power series expansion / = 2 <^bH b of the form 
(*) as described in Lemma \2.1.2.1\ 

Proof. Since / = a<o mod ("H), we obviously have 

ord w (/) = ord^(ao) > ord(a ). 

Suppose ordftif) > ord(a ) = r. Then by definition we can write 

f = fi+h with f x e mp r+1 , f 2 e (<H). 

Therefore, we have 

/l =/-/2 = Yj^-h- 

Since /2 e (7Y), we conclude by the uniqueness of the power series expansion (for f\) of 
the form (★) that the constant term a® = oq,/ for / is also the constant term aq./i f° r /i > 
i.e., 

flQ = flO,/i • 

On the other hand, we have by Remark l2. 1.2. 21 (1) 

r = ord(flo) = ord(flo,/,) ^ ord(/0 > r + 1, 

a contradiction ! 

Therefore, we have 

ord w (/) = ord(a ). 
This completes the proof of Lemma [3.2.1.1l 

Remark 3.2.1.2. (1) We give the justification of Remark [3.1.1.21 (1). using Lemma 
13.2.1.11 

Suppose ei > for some I — l,,,.,N. 

Take a, b e Z>o such that a + b — p e < . Set / = x° and g — xj. 

Then aoj = x" and ao ig = x h r Therefore, we have by Lemma [3.2.1.1l 

ord«(/) + ord^(g) = ord(a 0; /) + ord( = a + b. 

On the other hand, we observe 

f g = x"^ = xf e m£' +1 + {hi) c m p p +l + {H), 

which implies 

ovd^ifg) >p e ' + l>p e '=a + b = ord^(/) + ord w (g). 

(2) We remark that the above interpretation of ord^(/) is still valid, even if we consider 
the power series expansion of the form (★) with respect to H = (hi,..., h^) and a regular 
system of parameters only weakly-associated to H (cf. Remark 12.1.2.21 (2), instead of 
the power series expansion of the form (★) with respect to H and a regular system of 
parameters associated to H as described in Lemma l2.1.2.1l 
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3.2.2. Alternative proof to Coefficient Lemma. The interpretation given in 13.2.11 
allows us to derive Coefficient Lemma (Lemma 4.1.4.1 in Part I) as a corollary to the 
formal coefficient lemma (Lemma [2.2.2.1l in Part II). 

Corollary 3.2.2. 1 . (= Coefficient Lemma) Let v e R>o be a nonnegative number such 
that v < fillip). Set 

(Ip); = (Ip),nm™ 

where we use the convention that m" p — Rp for n < 0. Then for any a e R, we have 

(I P )a = Yj(h)' a . m H B . 
B 

Proof. Note that we already gave a proof to Coefficient Lemma in Part I. Here we 
present a different proof based upon the formal coefficient lemma, although both proofs 
share some common spirit. 

Since H B e we clearly have the inclusion 

(i P ) a d J](i P y a _ m H B . 

B 

Therefore, we have only to show the opposite inclusion 

(i P ) a c Y J (i P y a _ m H B . 

B 

Now, as observed in Remark 4. 1 .4.2 (2) in Part I, we have 

B \{B]\<a+p'N 

Therefore, actually we have only to show 

\[B]\<a+p'f 

Since Rp is faithfully flat over Rp, we have only to prove this inclusion at the level of 
completion. That is to say, we have only to show 

a P ) a c x (h>y a - m H B , 

\[B]\<a+p'N 

noting 

{lp)t®R P % ={V)t 

(i P y, ® Rp R P = ((i P ), n m M) ®« r p = (i P ) r n fiT7 M = (i P y t . 

Take / e (f P ) a . 

Let / = YjB a sH B be the power series expansion of the form (★) as described in 
Lemma r2.1.2.1l 

Observe that, for each C e (Z> Q ) N with |[C]| > a + p e \ there exists B c e (Z> ) N with 
a < \[B C ]\ < a + p e " such that B c < C (cf. Remark 4.1.4.2 (2) in Part I). We choose one 
such Be and call it 0(C). 

For each B e (Z> ) N with a < \[B]\ < a + p eN , we set 

a' B - a B + V a c H c ~ B . 

Cwith0(C)=B 

We see then 

a' B <ER P = (lp)' a _ m , 

since a - |[B]| < 0. 

On the other hand, for each B e (Z>o)' v with \[B]\ < a, we have by the formal coeffi- 
cient lemma 

a B G (lp)a-\[B]\- 
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We also have by Lemma [3. 2. 1.11 

ord( flB ) = ord«(a fl ) > [>«GW(« - \[B])] > Ma - 
Therefore, we see 

as g (lp)a-|[B]| nmp - (1/>V| [B] |- 

We conclude 

/ = J] = J] agH s + J] 

fi IMI<a fl<|[B]|<n+p'» 

c Z ^Hlfl 8 *' 

|[B]|<a+p«» 

Since / e (Ip) fl is arbitrary, we finally conclude 

\[B]\<a+p'K 

This completes the "different" proof of Coefficient Lemma. 

3.2.3. Alternative proof to Proposition 13.1.2.11 The interpretation given in 13.2.11 
also allows us to provide an alternative proof to Proposition ^. 1.2.11 via the formal coeffi- 
cient lemma (cf. Lemma 12.2.2. II ). 

Corollary 3.2.3.1. (= Proposition 13.7.2.71 ) Let the setting be as described in \3.1.1\ 
Then p.'^(Ip) is independent of the choice ofH, i.e., independent of the choice of a 
leading generator system Wfor Ip. 

Alternative Proof. Let < H' be the set of elements of another leading generator sys- 
tem H'. We want to show nn>(J.p) = n<n(Ip). By the same argument as in the proof of 
Proposition ^. 1 .2. fl we may assume that H and ( H' share the same leading terms, i.e., 

h\ = h\ mod m p p ' +1 for / = 1, . . . , N. 

Since < 7f and < H' share the same leading terms, we can take a regular system parameters 
(jci, . . . , x<i) associated both to H and to H' simultaneously. In the following, when we 
consider the power series expansion of the form (★), we understand that it is with respect 
to H and (jci, . . . , xj) or with respect to H' and (x\, . . . , Xj). 

Now since p.<H>(Ip) = n<n<(Ip) and since h<h(Ip) = fi<x(Ip), we have only to show 

p w (l P ) =fi< H (I P ). 

We observe that 

l*w (Ip) = inf \ m , (/, a) = ; (/, a) £ fc, a > o} 

= inf ; (/, fl ) 6 a > 0, / = 2 a' B f H' B } 

(by the interpretation given in !3 .2.1b 
= inf {2^; {f, a) e l P ,a > 0,/ = a' OJ ) 

(by the formal coefficient lemma) 

and similarly that 

MhOW = inf Ljftf, a) = ^fl ; (/ , «) eh,a> o} 

= inf{2!^£); (f,a)&Tp,a>GJ = ^a B , f H B } 

(by the interpretation given in !3.2. lb 
= inf [S^Ml ; (/, a) e T P ,a > 0,f = a 0J ) 

(by the formal coefficient lemma). 
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On the other hand, the condition / = a' . is equivalent to saying that /, as a power 
series in terms of (x\ , . . . , Xn, x^+i, ■ ■ ■ , xi) is of the form / = 2 ^kX k , with bK being a 
power series in terms of the remainder (JCjvr+i, ■ • ■ , xi) of the regular system of parameters, 
and with K — (k\, . . . ,kd) varying in the range satisfying the condition 

< k, <p e '- 1 for 1= 1, ... ,N and ki = for I = N + 1, . . . ,d. 

Since the regular system of parameters (jci, . . . , x^, x^+i, . . ., Xd) is associated both to H 
and H' simultaneously, this condition is no different from the condition / = flo,/- That is 
to say, we have 

/ = a 'o,f < — > f = a o,f- 
Therefore, by looking at the last expressions for ju^<(lp) and fi^(Ip) above, we conclude 

H-H'ih) =H<hQ-p)- 
This completes the presentation of the alternative proof. 

§3.3. Upper semi-continuity of (cr,/T). 

The purpose of this section is to establish the upper semi-continuity of (cr,/7), where 
the pair is endowed with the lexicographical order. 

Recall that we have a X)-saturated idealistic filtration I over R. 

3.3.1. Statement of the upper semi-continuity of (cr,/7) and its proof. 

Proposition 3.3.1.1. The function 



(<r,/D : X = m- Spec R 



11 



X (R> U {oo}) 



is upper semi-continuous with respect to the lexicographical order on (j\ ee z >a Z>o) X (R->oU 

{oo}). That is to say, for any (a,fi) £ (rLeZ> ^>o) x (R->o u f°°})» the locus X>( a £) is closed 
(cf. Definition [L2Jl\ . 

Assume further that the idealistic filtration I is of r.f.g. type (cf. Definition 2.1.1.1 
(4) and §2.3 in Part I). Then the invariant ~p takes the rational values with some bounded 
denominator 6, and this upper semi-continuity allows us to extend the domain to define the 
function 



(cr,Ji) : Spec R 



X (R> U {oo}) , 



VceZ> 

where for Q 6 Spec R we have by definition 

(cr,/D(0 = min [((r,n)(P) = (cr(P),Ji(P)) ; P e m- Spec R, P e Q\ 

or equivalently (o~,]j)(Q) is equal to (o~,JT)(P) with P being a general closed point on Q. 
The function (cr,/I) with the extended domain is upper semi-continuous. 

Moreover, since Spec R is noetherian and since (r[eez>o^>o) x (R>() U {°°}) can be 
replaced with a well-ordered set T (e.g., T can be obtained by replacing the first factor 
Yleez >B ^>o with the well-ordered set as described in the proof of Corollary U.2.1.3] and 
the second factor R>o U {oo} with tZ>o U {oo}), conditions (i) and (ii) in Lemma \l.2.1.2\ 
as well as the assertions in Corollarv U .2.1 A\ hold for the upper semi-continuous function 
(cr,/T) : Spec R^T. 

Proof. First we show the upper semi-continuity of the function 



(cr,/T) : X = m- Spec R 



n z£ ° 

\eeZ i0 



X (R> U {oo}) . 
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We have only to show that, for any {a,/}) e ffLeZy) ^o) x (R>o u {°°})> the locus 
X>( a fi) is closed. 

Step 1. Reduction to the (local) situation where X — m- Spec R is an affine open 
neighborhood of a fixed point P, a — o~(P) + O is the maximum of the invariant cr, and 
where a leading generator system H oflp is uniformly pure along the (local) maximum 
locus C of the invariant cr. 

Observe X>( a H) = X >a U (X< a n X>^ a ^). Since X >a is a closed subset by the upper 
semi-continuity of the invariant cr (cf. Corollary 11.2.1 . 31 and Propo sition 1 1 . 2 . 2 . ft . we have 
only to show X> {a ^) is closed inside of the open subset X< a , or equivalently inside of any 
affine open subset U contained in X< a . By replacing X with U, we may assume that the 
invariant cr never exceeds a in X. Then again by the upper semi-continuity of the invariant 
cr, the maximum locus C = {Q e X; cr(Q) = a}(- X> a ) of the invariant cr is a closed 
subset. Since X>( a ^) c C, we have only to show that, for any point P e C, there exists an 
affine open neighborhood Up of P such that Up n X^^ is closed. 

Suppose a - cr(P) = O. Then, taking U p sufficiently small, we have Up Pi Supp(I) = 
or {P}. Therefore, we conclude that Up nX>( ffi 8) - Up, [P] or 0, and hence is closed. (Note 
that, for a point Q e U P , we have (cr,Ji)(Q) = (0, 0) if Q ( Supp(I), and (cr,Ji)(Q) = (O, oo) 
ifgeSuppO).) 

Therefore, in the following, we may concentrate on the case where a = cr(P) + O. 
We take a leading generator system H of Ip. By Proposition ! 1 . 3 . 3 . 51 and by shrinking Up if 
necessary, we may assume that H is uniformly pure along C. Note that C = C n Supp(I), 
due to the condition cr(P) + O (cf. Remark [L3T2] >. 

Finally by replacing X with Up, we are reduced to the (local) situation as described in 
Step 1. 

We may also assume by shrinking Up if necessary, after taking a regular system of 
parameters (x\, . . . , xj) associated to H = (h\, . . . , h^) at P, that we have a regular system 
of parameters (x\, . . . , xj) over Spec R such that the matrices 



for e = e\, . . . , where L e — #{/ ; e/ < 

i=l,...,L e 



are all invertible, and hence that the conditions described in the setting 4.1.1 of Part I for 
the supporting lemmas to hold are satisfied (at any point in C). 

(We would like to bring the attention of the reader to the difference in notation between 
here in Part II and there in 4. 1 . 1 of Part I. The symbol "/?" here denotes the coordinate ring 
of an affine open subset Spec R in W (cf. the beginning of Chapter 3), while the symbol 

there denotes the local ring at a closed point.) 

Step 2. Reduction to statement (*), which is further reduced to statement (9). 

We observe that, in order to provide an argument for the upper semi-continuity, it 
suffices to prove the following slightly more general statement (*) (which does not involve 
any idealistic filtration): 

(*) Let C c m- Spec R be a closed subset. 

Let "H = {hi,..., hfj) c R be a subset consisting of elements, and < e\ < ■ ■ ■ < e# 
nonnegative integers attached to these elements, satisfying the following conditions at each 
point P e C (cf. 4.1.1 in Part I): 

(i) h[ e nip and hi — (hi mod m p ) = v { with v/ € mp/mp for I — l,...,N, 

(ii) fv/; / = 1, . . .,N} c mp/mp consists of A^-distinct and A:-linearly independent 
elements in the A:-vector space mp/mp. 
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We also have a regular system of parameters {x\,..., Xd) over Spec R such that the 
matrices 

j=\,...,L e 

for e = e\, . . . ,e N where L e = #{l; e/ < e] 

i=\,...,L„ 

are all invertible. 

Then for any f e R and r e Z>o the locus 

V r (f, <H) := \P e C ; / e + CW)/? P } = {P e C ; ord«(/)(P) > r} 

is a closed subset. 

In fact, if we prove statement (*), then 

(/,a)el,a>0 

is closed for any (a,/3) e (Y[ ee z >0 ^>o) x (^>o U an d hence we have the required upper 
semi-continuity of the function (cr,Ji). 

Furthermore, in order to prove statement (*), we have only to show the following 
statement (9) for any / e R and r e Z>o: 

(9) There exist a>i € R (I = 1, . . . , N) such that 

f N 
V r (f,'H) = \P€C;f-J] <»ih e m r P R P 
\ i=i 

In fact, if we show statement (9), then V r (f, f H) being a closed set follows from the 
usual upper semi-continuity of the order function for / - Ya=\ ^ih, and hence we have 
statement (*). 

Step 3. Show statement (<?) by induction on r. 

Step 3 is dedicated to showing statement (9) by induction on r. 
We set 

e := e\ = min{e; ; / = 1, . . .,N], 

L :=max{/; I = l,...,N,e, = e) = #{/; l,...,N,e, = e} , 
e' = e L+ i (if L-N, then we set e' = oo), 
X =#{e\,...,e N }. 

Case 1 . r < p e 

In this case, we have only to set loi = (/ = 1, ...,/) in order to see statement (9). 
Case 2 . r > // 

Observing W r (j, ( H) c V r -\(j, ( H) and replacing / with / - Yl\=\ ^ih via application 
of statement (9) for r - 1 by induction, we may assume 

fem r P l R P VPeVAfM- 
We also observe then, by Supporting Lemma 3 in Part I (cf. Lemma 4. 1 .2.3 in Part I), that, 
at each point P £ V r ( f, H), there exist Pip g m r p 1 ~ p ' R P such that 

/=i 

Now we use the induction on the pair (x, L). 
Case : X = 1 = N,e' = oo) 
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In this case, by applying Supporting Lemma 2 in Part I (cf. Lemma 4.1.2.2 in Part I) 
with v = r,s = r- \ and a = -f, we see 

AT-l 

(*) p L e F v (-f) + J](F v /3 l , P )h l + (h r L ) + m r p p 'R P 

i=i 

N-l 

c F v (-f) + Y} F ^lp)hi + m p p 'R P . 
i=i 

See Supporting Lemmas 1 and 2 in Part I (cf. Lemma 4.1.2.1 and Lemma 4.1.2.2 in 
Part I) for the definition of the differential operator F v . We would like to emphasize that, 
even though Supporting Lemma 3 is a local statement at P, the differential operator F v is 
defined globally over Spec R and hence that F v (-f) e R. 

From (*), we conclude the following. 

When N - 1, we have only to set a>\ = F v (-f) in order to see statement (<?). 
When N > 1, we observe 

V r (f, W) = V r (f, {h u ...,h N - U h N )) = V r (f - F v (-f)h N , [h\,..., %_!}). 

Now statement (9) for / and r with respect to 1H = {hi, ... , h^-\,h^\ follows from state- 
ment (9) for / - F v (-f)h N and r with respect to {hi, . . . , h^-i), which holds by induction 
on(Y,L) = (l,AT-l). 

Case : x > 1 

In this case, by applying Supporting Lemma 2 in Part I (cf. Lemma 4.1.2.2 in Part I) 
with v = p e '~ e - 1, s = r - 1 and a = -/, we see 

(*) p L e F v (-/)+ Yj (FA.p)hi + (h l L ) + m r p p 'Rp 

1<1<N,1*L 

c F v (-f)+ J] h l Rp + +(hl) + m r p pe R P . 

1<1<N,1*L 

From (*), we conclude that 

f-F v (-f)h L e J] h,Rp+h(~ e Rp + m P Rp 

1<1<N,1*L 

and hence that 

V r (f,<H) = V r (f,{h 1 ,...,h L -i,h L ,h L+ i,...,h N }) 

= V r (f - F v (-f), {h u ..., h L -i , h{'",h L+u . . . , h N \). 

Now statement (9) for / and r with respect to 1H — {h\, . . . , h^i,hi, h^+i, . . ., h^} 

follows from statement (p) for f-F v (-f)h N and r with respect to {hi,.. .,h L -i,h' L ,«z.+i, 
. . . , h N ), which holds by induction on L). (In fact, if originally L = 1, then the invariant 
X drops by 1, and if originally L > 1, then the invariant^ remains the same but the invariant 
L drops by 1 .) 

This completes the proof of statement (9). 
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This completes the proof of the upper semi-continuity of the function 



(<r,/T) : X - m- Spec R 



n Za ° 

\eeZ> ! 



X (R> U {oo}) . 



If we assume further that the idealistic filtration is of r.f.g. type, then, as shown in Re- 
mark l3.1. 1.21 (2). the invariant Ji takes the rational values with some bounded denominator 
5. Then we may replace the target space for the function 



(<t,JI) : m- Spec R 



n Z2 ° 



l> U {oo}) 



with a well-ordered set T (e.g., T can be obtained by replacing the first factor ]~[eez>o ^>o 
with the well-ordered set as described in the proof of Corollary 11.2.1.31 and the second 
factor R>o U {oo} with |Z>o U {oo}). Now the assertion regarding the extension of the 
domain of the function (<x, Ji) from m- Spec R to Spec R and the rest of the assertions 
in Proposition 13.3.1.11 follow from the same argument as in Corollary 11.2.2.21 where we 
discussed the extension of the domain of the invariant <x from m- Spec R to Spec R. 

This completes the proof of Proposition ^. 3.1.11 

3.3.2. Alternative proof to the upper semi-continuity of (o-,J7). We can give an 
alternative proof to the upper semi-continuity of (<x,/T), using the interpretation of Ji in 
terms of the power series expansion of the form (★) as presented in |§3.2| 

Alternative Proof to the upper semi-continuity of (cr,/I). By the same argument as 
before, we are reduced to the (local) situation as described in Step 1 of the original proof. 

Take a regular system of parameters Xp - (jti, . . . , xj) = (xi.p, . . . , Xd,p) at P, which 
is associated to H = (h\, . . . , hjf). By shrinking Spec R if necessary, we may assume that 
X Q = (xi, G , . . . , x d , Q ) = (xi - xi(Q), ...,x d - x d {Q)) with x,(g) e k is a regular system of 
parameters, which is weakly-associated to H at any point Q € C. 

By the same argument as before, we have only to show that, given / e R and r 6 Z>o, 
the locus V r (f, ( H) — [Q € C ; ord^(/)(0 > r} is a closed subset as in Step 2 of the original 
proof. 

This is where the alternative argument using the interpretation of JI presented in |§3.2| 
begins: Let / = 2 cib,qH b be the power series expansion of / at Q e C with respect to 
H and the regular system of parameters Xq, which is weakly-associated to H at Q. By 
Lemma [3.2.1.1l and Remark D. 2. 1.21 (2). we have 



ord«(/)(<2) = ord(a , Q ). 



Let 



M2 = X r/ ' GX G' y.Q ek 
be the power series expansion of aq.g with respect to Xq. Then we have 

ord(flo.e) - r 7i,q = V/ with |/| < r. 

On the other hand, since the coefficients y/ g can be computed from the coefficients of the 
power series expansions 



/ 



2 c Lm X' Q with cij^q e k 



where c I>m = d x , g (f)(Q) = d x , p (f)(Q) 



= Z c I,h,,Q X with c hk,Q G k 



where c/ 



h,,Q 



d x . Q (h,){Q) ~- 
for/ 



d x . p {h,){Q) 
= h...,N, 
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via the invertible matrices appearing in the condition of Xq being weakly-associated to H 



j=\,...,L e 
i=\,...,L e 



(0 



j=\,...,L e 
i=\,...,L e 



(0 



for e = e\, . . . 



where L e = #{l; e; < e], we conclude that, for each /, there exists ji e R such that 

y/(0=7/,e VgeC. 

Finally then we conclude that 

V r (f, <H) = {Q€C; ord«(/)(0 > r) = {g e C ; T /(0 = V/ with |/| < r] 

is a closed subset. 

This completes the alternative proof for the upper semi-continuity of (cr,Ji). 



Appendix 



The purpose of this appendix is to present the new nonsingularity principle using only 
the X)-saturation, as opposed to the old nonsingularity principle using both the ^-saturation 
and ^-saturation. (The combination of the X)-saturation and -R-saturation was called the 
©-saturation in Part I (cf. 2.1.5 and 2.2.3 in Part I).) 

In Part I, we emphasized the importance of the Jl-saturation (and of the 25-saturation) 
in carrying out the IFP In fact, the 9?-saturation was crucial in establishing the nonsingu- 
larity principle, as formulated in Chapter 4 of Part I, which sits at the heart of constructing 
an algorithm. However, the ^-saturation has also been the main culprit in our quest to 
complete the algorithm, causing the following problems: 

• By taking the ^-saturation, we may increase the denominator of the invariant ~p 
indefinitely, and hence may not have the descending chain condition on the value 
set of the strand of invariants consisting of the units of the form (cr,Ji, s). This 
invites the problem of termination, as we mentioned in the introduction to Part I. 

• If we take the Ji-saturation, the value of the invariant Jl may strictly increase 
under blowup, even when the value of the invariant cr stays the same. This vio- 
lates the principle that our strand of invariants, consisting of the units of the form 
(<x,ju, s), should never increase under blowup. 

While writing Part II, we came to realize that we can establish the nonsingularity 
principle, as formulated below, with only the £>-saturation and without the ^-saturation. 
This indicates that we may construct an algorithm, still in the frame work of the IFP, 
without using the ^-saturation, and hence that we may avoid the problem of termination, 
as well as the other technical problems, that the use of the ^-saturation invites. 

Even though we are still in the evolution process of the IFP program (See 10.3.11 for 
the current status of the IFP), we consider this new nonsingularity principle a substan- 
tial step forward in our quest to construct an algorithm for local and global resolution of 
singularities in positive characteristic. 

In this appendix, R represents the coordinate ring of an affine open subset Spec R of 
a nonsingular variety W of dim W = d over an algebraically closed field k of positive 
characteristic char(£) = p or of characteristic zero char(fe) = 0, where in the latter case we 
formally set p — oo (cf. 0.2.3.2.1 and Definition 3.1.1.1 (2) in Part I). 

§A.l. Nonsingularity principle with only ^-saturation and without ^-saturation. 
A.l.l. Statement. 

Theorem A. 1 . 1 . 1 . Let I be an idealistic filtration over R. 
Let P e Spec R cz W be a closed point. 
(1) Assume thatl is ^-saturated and that J1(P) — oo. 

Then there exists a regular system of parameters {x\, ■ ■ ■ , JQv,yjv+i, • ■ • ,yd) at P such 

that 

' H = {(xf , p e ')) N l=x (ei < • • • < e N ) is an LGS ofl P 

(See the footnote to \0.2.1.5\ ), 
. I P = G Rp (B). 
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(2) Assume further that I is of r.f.g. type. 

Then there exists an afftne open neighborhood P e Up — Spec R r of P (Note that R r 
represents the localization ofR by r e R.) such that {x\ , ■ ■ ■ ,Xn, yN+i > • • ■ > yd) is a regular 
system of parameters over Up, and that 



In particular, we have 

• Supp(I) n Up — V(xu • • • > Xn)> which is hence nonsingular, and 

• (cr( Q),JS(Q)) = (o-(P), oo) for any closed point Q e Supp(I) n Up. 

Remark A. 1.1. 2. (1) It is straightforward to see that assertion (1) actually gives the 
following characterization: An idealistic filtration Ip over Rp is 35-saturated andp(P) = oo 
if and only if there exist a regular system of parameters (x\, ■ ■ ■ ,x^,yN+\, ■ • ■ ,yd) an d a 
subset of the form H = {(xf c l P such that I P = G Rp (W). (The subset H is then 

automatically an LGS of Ip.) 

(2) We construct the strand of invariants in our algorithm (cf. 0.2.3.2.2 in the intro- 
duction to Part I), and at year it takes the following form 



with the last n-th unit (cr^,^, s") being equal to (cr[j, oo, 0). The subscript "o" refers to 
year "0", while the superscript " J " refers to the stage "/'■ (Note that, if we insert the new 
invariant v so that the unit changes from the triplet (cr,]l, s) to the quadruplet (o-,~\x,~v, s), 
then the strand of invariants also changes accordingly (cf. 10.3.11 ).) 

The (local) maximum locus of the strand of invariants coincides with the support 
Supp(Ig) of the last n-th modification I" y (Note that in year we always have ~p > 1 
and hence that there is no gap between the (local) maximum locus and the support of the 
modification, an anomaly observed when Jl — 1 .) The idealistic filtration E is 35-saturated 
with Ji(P) = oo. Therefore, applying Theorem lA.l.l.ll we conclude that Supp(IjJ) is non- 
singular (in a neighborhood of P). (Note that all the idealistic filtrations we deal with in 
our algorithm are of r.f.g. type.) Therefore, we conclude that the center of blowup, which 
is chosen to be the maximum locus of the strand, is nonsingular. This is why Theorem 
IA. 1.1. H is called the (new) nonsingularity principle of the center. (After year 0, we have to 
make several technical adjustments, including an adjustment to overcome the gap between 
the (local) maximum locus and the support of the last modification and another adjustment 
to introduce the X'g-saturation in the presence of the exceptional divisor E instead of the 
usual T)-saturation. The basic tool for us to guarantee the nonsingularity of the center, 
however, is still Theorem lA.l.l.ll ) 

(3) If we assume further that Ip is 9?-saturated, then after having assertion (1), we 
immediately come to the conclusion that e\ = ■ • • = = 0, i.e., all the elements in the 
LGS (and hence of any LGS) are concentrated at level 1 . That is to say, we obtain the old 
nonsingularity principle Theorem 4.2.1.1 in Part I as a corollary to the new nonsingularity 
principle Theorem lA. 1 . 1 . 1 l of this appendix. 




inv new (P) = (crlpl s l )(oi,J%, s 2 )--- K" 1 ,^- 1 , *3 -1 )K>^> sS), 



§A.l. NONSINGULARITY PRINCIPLE WITH ONLY ^-SATURATION AND WITHOUT ^-SATURATION. 



53 



A.1.2. Proof. 

Proof for assertion (1). Step 1. Show Ip — Gr p (S) for any LGS H oflp. 



First, note that, if P i Supp(I), then we would have lp = RpxM. (since Ip is £)-saturated 
cf. Case P £ Supp(I) of Lemma II. 1.2. Il l and hence Ji(P) = 0. Thus our assumption 
Ji(P) = oo implies P e Supp(I). Second, we claim Ip = Gr p (E.) for any LGS H of Ip. In 
order to prove this claim, we can use the same argument as presented in the proof of the 
nonsingularity principle formulated in Chapter 4 of Part I. Note that this part of the proof 
did not use the assumption that Ip is 9i-saturated. 

Alternatively, we can give a proof of the claim using the formal coefficient lemma (cf. 
Lemma 12.2.2. Il l discussed here in Part II, without referring to the arguments in Part I: 

Take an element / e (Ip) fl c (Ip) fl , and let / = Y*B£(Z >0 ) N a sH B be the power series 
expansion of the form (★) as described in Lemma 12.1.2. II From the formal coefficient 
lemma it follows that 

{a B ,a-\[B]\)eT P VBe(Z> ) N . 
Suppose there exists B e (Z>q) n with < a such that as + 0. Then we would have 

1KP) = MkOp) = MkOW < = < oo, (cf . LemmaEUD 

a-\[B]\ a-\[B]\ 

a contradiction ! Therefore, we conclude 

a B =0 VB€(Z> ) A ' with|[B]| < a. 

This implies 

fe(H B ; \[B]\>a). 

Since / 6 (Ip) a is arbitrary, we conclude 

(Ip) fl c(H B ; \[B]\>a), 

while the opposite inclusion (lp) a z> (H B ; \[B]\ > a) is obvious. Therefore, we finally 
conclude 

(I P ) a = (H B ; \[B]\>a) Va £ R, 
which is equivalent to saying 

Ip = G Rp (W). 



Step 2. Inductive construction of an LGS and a regular system of parameters of the 
desired form via claim (<>). 

Now, by induction, we assume that we have found an LGS H = {(/i,y, p e ')} oflp and a 
regular system of parameters ({Xij},yN+i, • ■ ■ ,yd) at P sucn that 

hij = jcf.' ife,<e„, 
hij = xf. modiTtp p ' + if e, > e u . 

Note that we use the double subscripts h,j for the elements in the LGS, where the first 
subscript indicates the level p e > with e\ < ••■ < eM- So we have the total of elements 
at M distinct levels in the LGS. (See 11.3. T1 ) The inductive assumption means that we 
have found an LGS and a regular system of parameters of the desired form up to the level 

<?i = 

We want to show, by replacing h^ and with e, = e u via the use of claim (0) which 
we state next, that we can also have 

hij = X?j ife,<e, (+ i, 

ha = mod mf p '' +1 ife, >e„ + i. 
J i j 
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Step 3. Statement and the proof of claim {0) 

This step is devoted to proving the following claim: 
O) Set, for / E Z> , 



J l = F e "(m P ) + 



+ (I P )pe„ nm/'" +l + m P l 



(Recall that the symbol "F" represents the Frobenius map.) 
Then we have the inclusion 

(fcV cJ, We Z> . 

Observe 

(IpV„ = (H b ; \[B]\>p'-) (since I, = G Sp (H)) 

= (x^ ■ C = (c u ■ a < e u ), \[C]\> p e A + (A y ; = e„) + (A y ; 4 > e„) 
c (XM ; C = (c y ; e t < e u ), \[C]\ > p e ») + F e »(m P ) + m P ^ +1 

C Jpeu + \. 

Therefore, the required inclusion holds for / < p e - + 1 . 
Now assume, by induction, that the required inclusion 

(lp) p 'M C J I 

holds for a fixed I > p e " + 1 . We want to show 

(Ip)pe« C J[ + \. 

Take an arbitrary element / £ (lp) p e„ c //. 
We may choose {a ST ; S, T] c k such that 

f- Yj ustX s Y t eJ l+l . 

\(S,T)\=1 



Note that then there exists w €m P such that 



(9) m^"' + a ST X s Y T e (IpV + m P l+l 

\(S,T)\=l 



Set 



Isy = p e, s ihq + Sifr with < Sifr < p e 
S r — (Sijf). 

Then we have S = [S q ] + S r and X s Y T = X [S * ] X S 'Y T . 
We analyze the terms in 



2 a ST X s Y T = J] «srX [S « ] X s 'r r . 



I(s,r)|=z l(S,r)|=/ 



§A.l. NONSINGULARITY PRINCIPLE WITH ONLY E-SATURATION AND WITHOUT ^-SATURATION. 
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Case 1 . S q — 0. 



In this case, we write for simplicity 

X s Y T = X s ' Y T = Z v 

by setting 



(X, Y) = ({x u }, y N+ i, ■ ■ ■ ,yd) = (zi,--- ,Zd)=Z 
(S,T) =(S r ,T) = ({ Sij , r },t N +u--- ,t d ) = (v u --- ,v d ). 



Subcase 1.1 : p e "\ V. 

In this subcase, we conclude 



a ST X s Y T = a ST Z v e F e »(m P ) c/ w , 



Subcase 1.2 : p e « / V. 

In this subcase, let v w be a factor, not divisible by //", of V. 
Set 

Voj = p e "ViO,q + Vr With < V^r < P"" ■ 

Apply d'uf to and obtain 



|(S,r)|=/ 



a. 



Yj <*stX s Y 7 



\\(S,T)\=l 



= asrZ " + (other monomials of degree (Z - v w r )) 

= (Ip)^_ V(a/ n mp /_lw + m P Mw+1 . 
On the other hand, we observe 

\<i<M 

(We use the convention that m.p l ~ V0 ' r ~ p °' - Rp if I - v u>r - p e ' < 0.) 

In fact, let g e (lp)peu- Vut r\m p l ~ Vw be an arbitrary element, andg = £ agH B the power 
series expansion of the form (★) as described in Lemma [2.1.2.1l Then it follows from the 
condition Jt(P) = oo and < p e " - v u r that oq = (cf. Lemma 13.2.1.11 ). and from the 
construction that ord P (a s ) > (/ - v u>r ) - \[B]\ for any B e (Z> f (cf. Remark l2~L2~2l (l)). 
Therefore, we conclude / e 2i<;<m hijYap "• r ~ pf ' . This proves the inclusion above. (Note 
that the inclusion above can also be derived using Lemma 4.1.2.3 in Part I via the fact that 
I P = G Sp (H).) 

However, this inclusion implies that any monomial of degree I - v M;) - in the power 
series expansion of an element in (Ip)p««-v„ f n m p l ~ Vw , with respect to the regular system 
of parameters (x\, ■ ■ ■ ,x^,yN+\, ■ ■ ■ ,yd) should be divisible by some element in the set 
{xjy ; 1 < i < mJ, and hence that the monomial Z v ~ lwe " can not appear as S q = 0. 

Therefore, in this subcase, we conclude 



a S T = 0. 
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Case 2 . S q * 

Subcase 2.1 : s^ q > for some i > u. 

In this subcase, we compute 

X s Y T € xfj'mp'-^ c (h u + m P pe ' +1 )m P l - pei 

c h ij m P l - pe ' + m P l+l c (I P )^„ n m P p '" +l + m F /+1 c J M . 

(Note that, in order to obtain the second last inclusion above, we use the fact that /iy e 
mp p " u+l if ;' > u, and use the condition / > p e - + 1 if i = u.) 
Therefore, we conclude 

a ST X s Y T eJ M . 

Subcase 2.2 : Sy 9 = for any i > u and \[S q ]\ > p e ". 
In this subcase, we conclude 

a ST = a ST X ls « ] X Sr Y T 

e (X IC] ■ C = (c y ; e t < e u ), |[C]| > p e «) c J M . 
Subcase 2.3 : Sy 9 = for any ;' > u and \[S q ]\ < p e ". 

Note that < \[S q ]\ by the case assumption. 
In this subcase, apply d x is q \ to (9) and obtain 



2 a ST X s Y T 

\(S,T)\=l 
sS rV T 



= d x is q i 



2 a ST X s Y T 



\\(S,T)\=l 



= a ST X 'Y + (other monomials of degree (/- | [S q ] |)) 



/-Its, 



((IpV H[SJ +mp H[S " ll+1 )nmp 
(IpV B _i [S?] |ntrtp H[ ^ ]l +m P H[S ' ]l+1 . 



On the other hand, we observe 

(IpV_ l[S?]l nm p Hts,]l c ^ A y m,HP f ll-^. 

l<i<M 

(We use the convention that m P Hls " ] ^ pe ' = R P if / - \[S q ]\ - p e < < 0. The inclusion follows 
from the same argument as in Subcase 1.2.) 

However, this inclusion implies that any monomial of degree I - \[S q ]\ in the power 
series expansion of an element in (IpV»-|[s„]| nm/>'~ l[s « ]i , with respect to the regular system 
of parameters (x\, ■ ■ ■ ,XN,ypf+\, ■ ■ ■ ,ya) should be divisible by some element in the set 
yx?- ; 1 < / < Mj, and hence that the monomial X Sr Y T can not appear. 

Therefore, in this subcase, we conclude 

a ST = 0. 



From the above analysis of the terms in 2|(s,r)|=/ asrX s Y T , it follows that 
/e J] a ST X s Y T + J l+l =J M . 

\(S,T)\=l 

Since / e (I P )pe u is arbitrary, we conclude (Ip) p e„ c Ji +1 , completing the inductive argu- 
ment for claim (❖). 

Step 4. Finishing argument for the inductive construction. 
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Claim (❖) states 

OpV cJ t = FHmp) + (X^ ■ C = ( Cy ; e t < e u ), |[C]| > p e ') 

+(Ip)p*u n m P p "" +l + m P l VZ € Z> . 

This implies 

OpV c F e -(m P ) + (xra ; c = (c, 7 ; 4 < e u ), |[C]| > p e ») 

+(I/>V„ n m P ^" +1 + F , '(ra,. , )«p VZ € Z> . 

Since /? P is a finite F e "(Rp) -module, including 

F e "(m P ) + (X [C] ; C = (cy ; 4 < e„), \[C]\ > p e ") + (I P ) P „ n m/'" +1 
as an F fi "(/?p)-submodule, we conclude (cf. |Mat86|, page 62 last line) that 

(IpV„ c n te z 20 [f £ '(m P ) + (XM ; C = (cy ; 4 < 4), |[C]| > p e ") 

+(Ip) p e» n m/' +1 + F^OV)/?/.] 
= F e »(m P ) + (x& ; c = (cy ; 4 < 4), |[C]| > //») + n 

Since 

(x [C] ; C = (cy ; 4 < e u ), \[C]\ > p e ") c , 

we also conclude 

(IpV„ c F e "(m P ) n (tV + (x IC] ; c = ( c u ; e * < e »)< \IC]\> p e ") + {lp) P >* n m P ' /n+1 . 

Now choose 

{^ y = ^)cF e «(m P )n(IpV 

such that 

{/iV mod mf +1 } U [X IC] mod mf ' +1 ; C = (cy ; 4 < e u ), |[C]| = p'"} 

form a £-basis of L(I P ) p «,, . 

In order to finish the inductive argument (cf . Step 2) to complete the proof for assertion 
(1), we have only to replace {/iyj and {xyj with {/jjj and pyj. 

Proof for assertion (2). Take a regular system of parameters {x\ , ■ ■ ■ , Xn, yN+i, ■ • • , yd) 
and an LGS H of l P as described in assertion (1). 

By choosing an affine neighborhood P e Up — Spec R r of P sufficiently small, we 
may assume that (x\, ■ ■ ■ ,x N , y N+1 , • • • , yj) is a regular system of parameters over Up and 

thatH = {(^'',p e ')}f =i cl r . 

Now we know by assumption that I is of r.f.g. type, i.e., I = Gr({(/i, aA)} AeA ) for some 
{(/a, a^LteA cfixQ>o with #A < oo. 

Since Ip = Gr p (W), we can write each fx as a finite sum of the form Y*8b,aH b with 
gB.A 6 Rp- By shrinking Up - Spec /? r if necessary, we may assume that the coefficients 
gs,A are in R r for all B and /I e A. Then we have 

I r = G Rr ({(fA,a A )} AeA )cG Rr (W)- 
Since the opposite inclusion I r d G« r (H) is obvious, we conclude 

Ir = G R ,(H). 

It follows immediately from the above conclusions that 

Supp(I) n Up = Supp(I,.) = Supp(G Sr (H)) 

= (fie U P ;p Q (xf',p e ') > lfor/ = l, ■■ ,n] 
= V(xi,--- ,x N ), 

which is nonsingular. 
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Given any closed point Q e Supp(I) n Up = V(x\, ■ ■ ■ ,x^), it also follows from the 
above conclusions that (x\, ■ ■ ■ , JCjy) is a part of a regular system of parameters at Q with a 

subset H = {(xf ,p e ')f c l Q such that I e = G« e (H). This implies that H is an LGS of I e 
and that /7(g) = 00 ■ Therefore, we conclude 

This concludes the proof of Theorem lA.l.l.ll 
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